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Abstract. Abramovich, Corti and Vistoli have studied modular compactifications of stacks of 
curves equipped with abehan level structures arising as substacks of the stack of twisted stable 
maps into the classifying stack of a finite group, provided the order of the group is invertible on the 
^SJ ■ base scheme. Recently Abramovich, Olsson and Vistoli extended the notion of twisted stable maps 

to allow arbitrary base schemes, where the target is a tame stack, not necessarily Deligne-Mumford. 
, We use this to extend the results of Abramovich, Corti and Vistoli to the case of elliptic curves 

(N- with level structures over arbitrary base schemes; we prove that we recover the compactified Katz- 

Mazur regular models, with a natural moduli interpretation in terms of level structures on Picard 
schemes of twisted curves. Additionally, we study the interactions of the different such moduli 
stacks contained in a stack of twisted stable maps in characteristics dividing the level. 
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^ I 1. Introduction 



Abramovich and Vistoli introduced in [AY] the stack ICg^ni^) of n-pointed genus g twisted stable 
maps into X, where is a proper tame Deligne-Mumford stack over a base scheme S with a 
projective coarse moduli space X/S. They prove that ICg^ni'^) is an algebraic stack, proper over 
the Kontsevich stack A^g,n(A) of stable maps into X, giving an appropriate analogue of the usual 
Kontsevich stack of stable maps when the target is allowed to be a tame stack instead of merely 
a scheme or algebraic space. In particular, taking X = BG for a finite group G naturally yields 
a modular compactification of the stack of n-pointed genus g curves with certain level structure, 
where the level structure on a curve corresponds to giving a G-torsor over the curve; this is studied 
extensively in |ACVj . This of course differs from the approach in |AR| , where the coverings of curves 
are assumed themselves to be stable curves; here the coverings are generally not stable curves. In 
the preprint [Pet] it is shown that in good characteristic we recover the usual compactification of 
y(iV) in /Ci,i(W(A'))')- 

However, the algebraic stack BG is not tame in characteristics dividing |G|, so a priori the results 
of [ACVj only hold over Z[1/|G|]. The notion of a tame stack is generalized in [AQVlj to algebraic 
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stacks that are not necessarily Deligne-Mumford, and in the fohowing paper [A0V2j the stack 
fCg^ni'^) of twisted stable maps into certain proper tame algebraic stacks is introduced and shown 
to be a proper algebraic stack. This naturally leads us to attempt replacing the finite group G with 
a group scheme Q, agreeing with G over Z[1/|G|] but such that BQ is a tame algebraic stack over 
Spec(Z); see for example the preprint jAbr| . For example, the group scheme fiN is (noncanonically) 
isomorphic to Z/{N) over I,[1/N,(n], and the classifying stack Bfj-N (unlike B{Z/{N))) is a tame 
stack over Spec(Z). 

The purpose of this paper is to record how the results of |ACVj extend to moduli of elliptic curves 
with level structure over arbitrary base schemes, using the group scheme in place of Z/{N). 
For example, the moduli stack yi(A^) arises as an open substack in the rigidification /Ci^i(0/iAr) 
(defined below) of K.i^i{B^n)- Explicitly, given an elliptic curve E/S and a [ri(A^)]-structure P on 

via the canonical group scheme isomorphism E = Pic^^^ over 5, we may view P as a "point of 
exact order A^" on Pic^^^, determining a group scheme homomorphism cj) : Z,/{N) — )• Pic^^^. The 

stack K,i^i[B^n) will be seen to classify certain pairs (C, (j)) where C/ S is a. 1-marked genus 1 twisted 
stable curve and (j) : Z/(A) — > Pic[!y^ is a group scheme homomorphism, so this construction defines 

the immersion yi(A) — )• 1Ci^i{B^n)- We will define the notion of a [ri(A)]-structure on a 1-marked 
genus 1 twisted stable curve, and write Xj^™(A) for the stack classifying such structures. Our first 
main result is: 

Theorem 1.1. Let S he a scheme and X^™(A^) the stack over S classifying \ri{N)]- structures on 
1-marked genus 1 twisted stable curves with non-stacky marking. Then X^{N) is a closed substack 
of ICi^i{BfiN), which contains ^i{N) as an open dense substack. 

The same techniques immediately give a corresponding result for V(A^), which is an open substack 
of /Ci^i(0/x^); its closure X*'"(A) classifies [r(A^)] -structures on 1-marked genus 1 twisted stable 
curves. 

Unsurprisingly, it turns out that these closures are isomorphic as algebraic stacks to the stacks 
Xi(A') and X(A^) classifying [ri(A^)]-structure and [r(A^)]-structures on generalized elliptic curves, 
as studied in [Conj : 

Theorem 1.2. Over the base S = Spec(Z), there is a canonical isomorphism of algebraic stacks 
X^{N) = Xi{N) extending the identity map on ^i{N), and a canonical isomorphism of algebraic 
stacks X*'"(A) = X{N) extending the identity map on ^{N). 

These isomorphisms have a natural moduli interpretation, as discussed in Corollaries 16.91 and 
[6l0l 

The techniques of this paper also yield new moduli interpretations of various moduli stacks of 
elliptic curves that are not (apparently) contained in a stack of twisted stable maps. These results 
are probably known to experts, but are apparently not recorded in the literature; for completeness 
we include a careful proof of the modular interpretation of the closure of ViiN) in /Ci^i(i3/X7v)- We 
also study how the different moduli stacks of elliptic curves contained in 1Ci^i{Biin) and /Ci,i(6//^) 
interact in characteristics dividing N] this easily generalizes an example in [A0V2| but otherwise 
does not appear in the literature. 

In the appendix we recall an example of [CN j which implies that the techniques of this paper 
do not generalize nicely to curves of higher genus: using the Katz-Mazur notion of a "full set of 
sections" we can define a stack over Spec(Z) classifying genus g curves with full level N structures 
on their Jacobians, but this stack is not even flat over Spec(Z). The corresponding stack over 
Z[l/A] is well-behaved, and arises as an open substack of }Cgfi{Bfi^^), but no moduli interpretation 
for its closure in characteristics dividing N appears to be known. 
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2. Review of moduli of generalized elliptic curves 

For the convenience of the reader, we recall the definitions and results from the theory of gener- 
alized elliptic curves that we require in this paper. 

Definition 2.1. A Deligne-Rapoport (DR) semistable curve of genus 1 over a scheme 5 is a proper, 
flat, separated, finitely presented morphism / : C — )• 5, all of whose geometric fibers are non-empty, 
connected semistable curves with trivial dualizing sheaves. 

By |DR1 § II. 1], an equivalent definition for / : C ^ S to be a DR semistable curve of genus 1 
is that / is a proper flat morphism of finite presentation and relative dimension 1, such that every 
geometric fiber is either a smooth connected genus 1 curve or a Neron polygon. Recall (loc. cit.) 
that over a base scheme S, the standard Neron N-gon Cn/S (for any > 1) is obtained from 
Cat := P5 X Z/{N) by "gluing" the section in the z*^ copy of to the section 00 in the (i + 1)*'^ 
copy of P^: 



Standard Neron A-gon Standard Neron 1-gon 

The natural multiplication action of Gm on P^, together with the action of Z/(A) on itself via 
the group law, determines an action of the group scheme Gm x Z/(-^) on P^ x Z/(A), descending 
uniquely to an action of Gm x Z/(A) = on Cn ([DR., II.1.9]). 

Definition 2.2. A generalized elliptic curve over a scheme S is a DR semistable curve E/S genus 
1, equipped with a morphism E^"^ x E ^ E and a section 0^; € E^"^{S) such that the restriction 
^sm ^ ^sm _^ j^sm Yna]ies E^™ a commutative group scheme over S with identity 0^;, and such 
that on any singular geometric fiber the translation action by a rational point on i?!™ acts by 
a rotation on the graph r{E-s) ( |DRl 1.3.5]) of the irreducible components of Eg. 

By |DR[ II. 1.15], over an algebraically closed field a generalized elliptic curve is either a smooth 
elliptic curve or a Neron A-gon (for some A > 1) with the action described above. In fact this 
result says more: for any generalized elliptic curve E/S, there is a locally finite family {Sn)n>i of 
closed subschemes of S such that USn is the non-smooth locus in S of E ^ S, and E xs Sjy is 
fppf-locally on isomorphic to the standard Neron A-gon over Sjy. 

Recall that for an 5-scheme X, a relative effective Cartier divisor in X over S is an effective 
C artier divisor in X which is flat over S. 

Definition 2.3. Let E/S be a generalized elliptic curve. A \ri(N)]-structure on is a section 
P G £;"™(5) such that: 

• N-P = Oe; 

• the relative effective Cartier divisor 

D:= [«-^] 

a&/{N) 
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in is a subgroup scheme; and 

• for every geometric point p ^ S, Dp meets every irreducible component of Ep. 

We write Xi{N) for the stack over Spec(Z) associating to a scheme S the groupoid of pairs {E, P), 
where E/S is a generahzed elhptic curve and P is a [ri(A^)]-structure on E. We write ^liN) for 
the substack classifying such pairs where E/S is a smooth elliptic curve. 

Definition 2.4. Let E/S be a generalized elliptic curve. A [T{N)]- structure on E is an ordered 
pair (P,Q) of sections in E'"^[N]{S) such that: 

• the relative effective Cartier divisor 

D:= [a-P + b-Q] 

a,b&/{N) 

in E^^ is an A^-torsion subgroup scheme, hence D = £'*^™[iV]; and 

• for every geometric point p ^ S, Dp meets every irreducible component of EJp. 

We write X(A^) for the stack over Spec(Z) associating to a scheme S the groupoid of tuples 
{E,{P,Q)), where E/S is a generalized elliptic curve and {P,Q) is a [r(A^)]-structure on E. We 
write y{N) for the substack classifying such tuples where E/S is a smooth elliptic curve. 

Definition 2.5. Let E/S be a generalized elliptic curve, and let G be a 2-generated finite abelian 
group, say G = Z/(ni) x Z/(n2), ?^2|?1-l• A G-structure on P is a homomorphism <j) : G ^ E^^ of 
group schemes over S such that: 

• the relative effective Cartier divisor 

D:=Y^[Ha)] 

in E^™ is an ni-torsion subgroup scheme; and 

• for every geometric point p ^ S, Dp meets every irreducible component of EJp. 

Theorem 2.6 ( |Conl 1.2.1]). Xi(A'^) and X{N) are proper, flat Deligne-Mumford stacks over 
Spec(Z). They are regular and have geometrically connected fibers of pure dimension 1 over 
Spec(Z). 

In particular, it follows (cf. [Con^ 4.1.5]) that Xi(A^) (resp. X{N)) is canonically identified with 
the normalization of A^i,i in the normal Deligne-Mumford stack 'Xi{N)\x[i/n] (resp. 'X,{N)\^i/n]), 
as in [KMTI § 8.6] and [Dll § VIL2]. 

It will be useful for us to have a description of the "reduction mod p" of the stacks Xi(A^) 
and X{N) for primes p dividing N. These reductions are described using the "crossings theorem" 
( |KMH 13.1.3]) which we now recall. 

Work over a fixed field k. Let Y/khe a smooth curve, and let X ^ y be finite and flat. Suppose 
there is a non-empty finite set of /c-rational points of Y (which we will call the supersingular points 
of Y) such that for each supersingular point y^, Xy^ is a single /c-rational point, and Ox,xo — 
k\x,y\/ {f) for some / (depending on yo). 

Also suppose we have a finite collection of closed immersions {Zi ^ X}^^^, where each Zj is 
finite and flat over Y, with Zj'^'^ a smooth curve over k, such that the morphism UZj — )■ X is an 
isomorphism over the non-super singular locus of Y, and such that for each i and each supersingular 
point yo £ Y, {Zi)y^^ is a single /c-rational point. 

Theorem 2.7 (Crossings Theorem, [KMl^ 13.1.3]). Under the above assumptions, let yQ ^Y be a 
supersingular point and xq = Xy^ . Then 

m 
i=l 
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where each fi is irreducible in klx,yj, each fi and fj (i 7^ j) are distinct in A;|a;,y] modulo multi- 
plication by units, and for Zifl := {Zi)y^ we have 

IfYis (geometrically) connected then each Zi is (geometrically) connected, in which case {Zi}"^-^ 
is the set of irreducible components of X. 

Definition 2.8. Under the above assumptions, we say that X is the disjoint union with crossings 
at the supersingular points of the closed subschemes {•Z'j}"^^. 

If A" ^ 3^ is a finite (hence representable) flat morphism of algebraic stacks over k, with y 
Deligne-Mumford (hence X is also Deligne-Mumford) , and {Zi ^ ^}f=i is a finite collection of 
closed immersions of algebraic stacks, such that for some etale surjection Y' ^ y with Y' a scheme, 
the algebraic spaces Y', X XyY', {Zi XyY'} are schemes satisfying the assumptions of the Crossings 
Theorem, we say that X is the disjoint union with crossings at the supersingular points of the closed 
substacks {Zi}. 

Remark 2.9. We will solely be applying the above theorem in the case y = with X an 

algebraic stack known to be quasi-finite and proper over Mi^i. A^i^i is a Deligne-Mumford stack 
with separated diagonal, so once we know that X is representable, it follows from [Knul 

II. 6. 16] that the algebraic spaces X x-^^ ^ Y' and {Zi x-^^ ^ Y'} are schemes. 

Definition 2.10. Let S £ Sch/Fp. Let E/S be an elliptic curve, with relative Frobenius F : E 
E^P\ Let G C be a finite, locally free S-subgroup scheme of rank p'^, n > 1. For integers 
a,b > with a + b = n, we say that G is an (a, b)-subgroup if ker(F'^) C G, and if in the resulting 
factorization of E E/G as 

E^E^P^^^E/G 

we have ker(7f) = ker(F|,^g,) (where vf denotes the dual isogeny and Fe/g -E/G^ {E/G^p'^ is the 

relative Frobenius). In particular note that E^p°''^ = {E / G)^p^\ 

We say that G is an (a, b)-cyclic subgroup if it is an (a, 6)-subgroup, and either a = 0, 6 = 0, or 
there exists a closed subscheme Z C S defined by a sheaf of ideals I C Os with = 0, such that 
the isomorphism E^'^^\z — (E/G)^ is induced by an isomorphism — (E/G)^ ^\z- 

Finally, a [Fi (p")] -(a, 6) -cyc/ic structure on is a [ri(p")]-structure P £ E[p^'']{S) such that the 
5-subgroup scheme 

D := [m-P] 

meZ/(p") 

in E is an (a, 6)-cyclic subgroup of E. We write ^i{p'^)^g'''^ for the substack of '^i{p'^)s associating 
to a scheme T/S the groupoid of pairs {E, P), where E/T is an elliptic curve and P is a [Fi(p")]- 
(a, 6)-cyclic structure on E. 

If E is an ordinary elliptic curve over a scheme S of characteristic p, it is considerably easier 
to describe what is meant by a [Fi(p")]-(a, 6)-cyclic structure on E. Namely, it is just a [Fi(p")]- 
structure P on E such that the relative effective Cartier divisor 

p" 

Db:= ^[m-P] 

m=l 

is a subgroup scheme of E which is etale over S. Note that for an arbitrary [ri(p")]-structure P on 
E, Df, will not generally be a subgroup scheme oi E ii b < n, and even if it is a subgroup scheme 
it might not be etale over S. Being a [ri(p")]-(a, 6)-cyclic structure on E (for E ordinary) means 
that for any geometric fiber E-g (so = fipn x Z/(p") over k(s)) P-g has exact order as an 

element of the group Es[p'^]{k{s)) = Z/(p"). 
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The following elementary result will be required when we study the interactions in characteristic 
p of different moduli stacks of elliptic curves contained in a moduli stack of twisted stable maps. 
We include a proof for lack of a suitable reference. 

Lemma 2.11. Let E/S/¥p be an elliptic curve, and let P be a [Ti{p'^)]-(a,b)-cyclic structure on 
E. Then P is also a \ri{p^''^^)]- structure on E, and is [ri(p""'"-^)]-(a + l,b)-cyclic. 

Proof. Consider the relative effective Cartier divisor 

G:= Yl i^-P] 

in E. This is an S'-subgroup scheme containing ker(i^''), and in the resulting factorization of the 
quotient map E ^ E/G as 

e'^e^'^^^e/g 

we have ker(7f) = ker(F|,^Q). Consider also the relative effective Cartier divisor 

G' := • ^1 

m6Z/(p"+i) 

in E. G is a subgroup of G', and the image of G' in E/G is the relative effective Cartier divisor 



This is simply the kernel of Fe/g ■ E/G {E/G)^\ so we may identify E/G' with (E/G)^^ and 
the quotient map E/G ^ E/G' with the relative Probenius F^/q : E/G {E/G)^'p\ In particular, 
the quotient map E — )• E/G' is a cyclic p^+^-isogeny of elliptic curves with kernel generated by P, 
so we may already conclude that P is a [ri(p""'"^)]-structure on E. 

Now, since G' = p ■ G as Cartier divisors, if ker(F") C G then ker(F"+^) C G' . Factor the 
quotient map E^E/G' = {E/G)^"! as 

We have a diagram 



E/G 




{E/G)^^ 



where the composite of the top arrows E — > {E/G)^^^ is the natural quotient map E — > E/G' . The 
outer arrows and the left-hand triangle commute, hence the right-hand triangle commutes as well. 
Now consider the following diagram: 



E/G- 



E(p' 



,a+lA 



{E/G)^) E^" 



The outer rectangle commutes since the horizontal composites are the isogenies [deg(7r)] and 
[deg(7r')] (and deg(7r) = deg(7r')), and we have shown that the left-hand square commutes, so 
the right-hand square commutes as well. Since ker(7f) = kei{F^^Q), we conclude that ker(^') = 
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Finally, suppose a,b>l. Since = [E/G)^^''^ we also have 

and this is already induced by the isomorphism E^^"'^ = (E/G)^^''^ = {{E/G)^^^)^^'' Therefore 
P is a [ri(p"'"'"^)]-(a + 1, 6)-cyclic structure on E. □ 

Remark 2.12. The reason the above argument fails when p is invertible on the base scheme S 
is that, preserving the notation of the above proof, the image of the relative Cartier divisor G' in 
E/G is not a subgroup of E/G unless S is an Fp-scheme. Indeed, the image of G' in E/G is the 
relative effective Cartier divisor • [O^;/^], which is finite flat of rank over S. If p is invertible 
on S, any finite flat commutative group scheme of rank over S is etale (cf. jShal Cor. 4.3]), but 
• [0_e/g] is obviously not etale. 

It is straightforward to extend the definition of a [ri(p")]-(a, 6)-cyclic structure, and the result 
of the above lemma, to the case of generalized elliptic curves. Let E/S/¥p be a generalized elliptic 
curve; let 5i C be the open locus where the morphism E ^ S is smooth, and let ^2 C 5" be the 
complement of the closed locus in S where the geometric fibers are supersingular elliptic curves. 
We say that a [ri(p"')]-structure P on E/S is a [Ti{p"')]-{a,b)-cyclic structure if: 

• P\si is a [ri(p"')]-(a, 6)-cyclic structure on the elliptic curve Esj^/Si, and 

• the relative effective Cartier divisor 

Dt, := ^[m-P\s,] 

m=l 

in E'^™\s2 is a subgroup scheme of E^"^\s2 which is etale over 82- 

We write Xi(p"')^'''^ for the substack of associating to a scheme T/S the groupoid of pairs 

{E,P), where E/T is a generalized elliptic curve and P is a [ri(p"')]-(a, 6)-cyclic structure on E. 

Theorem 2.13 ( [KMH 13.5.4]). Let k be a perfect field of characteristic p. '^i{p"')k (resp. 'Xi{p"')k) 
is the disjoint union, with crossings at the supersingular points, of the n+1 substacks yi(p"')^"'"' 
(resp. Xi(p")["'" ""^ ) for < a < n. 

It can be helpful to visualize Xi(p"')k as follows: 




Xi(p") over a perfect field k of characteristic p 

Definition 2.14. Let S G Sch/Fp, and let H < {Z/{p'^)f such that H ^ Z/(p'") (hence also 
{Z/{p'')f/H ^ Z/(p")). Let E/S be a generalized elliptic curve. Let be a [r(p")]-structure 

on E, corresponding to a group homomorphism 4) : (Z/(j3"))2 ^ E\p% (1, 0) ^ P, (0, 1) ^ Q. We 
say that (P, Q) has component label H if: 

• (p{H) C ker(P"), where F : E ^ E^p^ is the relative Probenius, and 
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• the resulting group scheme homomorphism ^ {'L/{p"-)f/H E^p"^ = E/ker{F") 
is a [ri(p")]-structure on E^P"\ (Note that this is independent of the choice of isomorphism 

= although the [ri(p"')]-structure obtained depends on this choice.) 

We define ^{p"')g (resp. X{p"')g) to be the substack of ^{p"')s (resp. X{p"')s) associating to a 
scheme T/S the groupoid of tuples {E, (P, Q)), where E/T is an elliptic curve (resp. generalized 
elliptic curve) and {P,Q) is a [r(p")]-structure on E of component label H. 

Theorem 2.15 ( |KMll 13.7.6]). Let k be a perfect field of characteristic p. ^{p'^)k (resp. X{p'^)]f_) 
is the disjoint union, with crossings at the supersingular points, of the substacks ^{p^)^ (resp. 
lip^)^) for H < (Z/(p"))2 with H ^ Z/ip""). 

The proof of the above theorem immediately generalizes to a slightly more general setting 
which we will find useful when studying compactified stacks of [r(A^)]-structures below. Let 
K < (Z/(p"))2, and write Gk = (Z/(p"))V^- Then there exist integers m > I > with 
Gk = 'L/{p'^) X Z/(pO- Suppose that I >l, so Gk = Z/(p™) x Z/(pO with m > / > 1. Given a 
G/^-structure (j) on an ordinary elliptic curve E/T/¥p (in the sense of Definition 12. Sp . etale locally 
on T we can consider the composite 

Gk = Z/(p") X Z/[p') A E\p^] - Z/(p") X ^ Z/ip"). 

Since i;A is a Gx-structure, the kernel and image of this composite are necessarily cyclic. The 
same argument used in |KMH 13.7.6] to prove the above theorem shows that in characteristic 
p, ^K breaks up into a union of substacks indexed in this way by the possible kernels of group 
homomorphisms Gk Z/^p""), subject to the condition on the image just described. So we can 
describe ^k sts a union of closed substacks indexed by the set 

Lk ■= {H < Gk\H and G/H are both cyclic}. 

Since Gk = Z/{p"^) x Z/{p^) with m > / > 1, we have that H £ Lk and only if ^ Z/(p™) or 
H ^ Z/(pO- 

The rigorous definition, accounting for elliptic curves that might not be ordinary and for the 
case where Gk is cyclic, is as follows: 

Definition 2.16. Let K < {Z/{N)f with corresponding quotient Gk = {Z/{N)f/K. We write 
^K (resp. Xk) for the algebraic stack over Spec(Z) associating to a scheme 5 the groupoid of pairs 
{E,(p), where E/S is an elliptic curve (resp. generalized elliptic curve) and cp is a Gx-structure on 
E. 

If S is an Fp-scheme, iV = p" and Gk = Z/{p'^) x Z/(p') with m>l>l, then for any H G Lk, 
we define ^ks ^K,s (resp. "^ks '■^K,s) to be the substack associating to a scheme T/S 
the groupoid of pairs {E,4>), where E/T is an elliptic curve (resp. generalized elliptic curve) and 
4> : Gk E[p"^] is a G^-structure such that: 

• (f){L[) C ker(F"*), where : E — >■ is the m-fold relative Frobenius on E, and 

• the resulting group scheme homomorphism Gk/H — )■ E /kei^F"^) = E^^"^^ is a Gk/H- 
structure on F(p'") in the sense of [KMH §1.5]. 

In this case we say that the G^-structure (j) has component label H. 

If Gk = Z/ip^) (i.e. I = 0), the stack ^k (resp. X^^) is isomorphic to yi(p'") (resp. Xi(p™)), 
and for H = Z/{p°-) G Lk and S G Sch/Fp we define ^ks (resp. X^ 5) to be the substack 
y^^^m^Ca/m-a) ^ y^(pm-)^ (^^gp^ Xi{p'^)f"''''^ C Xi{p'^)s), as in Definition [2l0l We still say that 
g and X^ g classify Gi^-structures of component label LL. 

The result is: 

Theorem 2.17. Let k be a perfect field of characteristic p. ^K.k (resp. XK,k) is the disjoint union, 
with crossings at the supersingular points, of the closed substacks ^Kk ("^^sp. X^ ^) for H G Lk- 
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We also note that an analogue of Lemma 12.111 holds in this case, which we record for future 
use. It is clear that ii K' < K < (Z/(p"))^, giving a canonical quotient map vr : Gk' — > Gk, 
and if : Gk — ^ E^"^ is a G^-structure on a generalized elliptic curve E/S/¥p, then a necessary 
condition for the composite </> o tt : Gk' — >■ E^"^ to be a Gx'-structure is that ker(7r) is cyclic. In 
fact, unwinding the definitions we immediately deduce: 

Lemma 2.18. Let E/S/¥p be a generalized elliptic curve with no super singular fibers. Let K' < 
K < such that the canonical quotient vr : G^i Gk has cyclic kernel. Let H € Lk and 

suppose that (p : Gk E is a Gk -structure with component label H. Then (/)oit is a Gk' structure 
on E if and only ifiT~^{H) C Gk' is cyclic, in which case (pon has component label 'k~^{H) G Lk' . 

3. Generalities/review of twisted stable maps 

We will be studying moduli stacks of elliptic curves embedded in moduli stacks of twisted stable 
maps to tame stacks. We now recall the relevant definitions and results relating to twisted stable 
maps. 

Definition 3.1 ( [AOVli 2.2]). Let G be a group scheme over a scheme S. Write QCoh^(5) 
for the category of G-equivariant quasi-coherent sheaves on S] writting BG for the classifying 
stack of G over 5, this is equivalent to QCoh(0G) ( [AOVll §2.1]). We say that G is linearly 
reductive if the functor QCoh^(5) ^ QCoh(5), F ^ is exact, or equivalently if the pushforward 
QCoh(0G) ^ QCoh(5) is exact. 

Linearly reductive group schemes are classified in [AOVll §2.3]. The examples in which we are 
most interested for this paper are the finite flat commutative linearly reductive group schemes /^at 
and /x^ over S. 

Definition 3.2 ( [AOVll 3.1]). Let be a locally finitely presented algebraic stack over a scheme 
S, with finite inertia. By [KM2j . X has a coarse moduli space p : X ^ X, with p proper. We say 
that X /S is tame if p* : QCoh(A') QCoh(X) is exact. 

As observed in [AOVll §3], for any finite flat group scheme G over a scheme 5, the classifying 
stack BG over S is tame if and only if G is linearly reductive. So in particular the classifying stacks 
BpN and ^B/i^ are always tame. 

Definition 3.3 ( [A0V21 §2]). An n-marked twisted curve over a scheme is a proper tame stack 
C over S, with connected dimension 1 geometric fibers, and coarse space f : G ^ S a nodal curve 
over S] together with n closed substacks 

which are fppf gerbes over S mapping to n markings {pi G G'^™(S')}, such that: 

• the preimage in C of the complement G' C G of the markings and singular locus of C/S 
maps isomorphically onto G'; 

• if p — )• G is a geometric point mapping to the image in G of a marking Sj C C, then 

Spec(Oc,p) xcC- [I)^V/^r-] 
for some r > 1, where D'^^ is the strict Henselization at {msj(p),z) of 

D = Spec{Os,f^p^[z]) 

and G /Ur acts by z i— )• • z; and 

• if p — )• G is a geometric point mapping to a node of G, then 

Spec(Oc,p) xc'C- [I)^V/^r-] 
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for some r > 1, where D^^ is the strict Henselization at {msj(^^, x,y) of 

D = Spec{Osj(p) [x, y]/{xy - t)) 

for some t € m5j(p), and C ^ /^r acts hy x i-^ C ' ^ and y i-)- " V- 
We say a twisted curve C/S has genus g if the geometric fibers of its coarse space C/S have 
geometric genus g, and we say an n-marked genus g twisted curve C/S is stable if the genus g curve 
C/S with the resulting markings is an n-marked genus g stable curve over S. 

Example 3.4. Over any base scheme S, consider a Neron 1-gon C/S as in §2. We have C**™ = Gm, 
and C admits the structure of a generalized elliptic curve with an action C"^™ x C — ?■ C extending 
the group scheme structure of Gm- For any positive integer A^, the inclusion /^at C Gm determines 
an action of fiN on C, and the stack quotient C := [C/^n] is a twisted stable curve over 5, with 
coarse space f : C ^ S again a Neron 1-gon. If p — )• C" is a geometric point mapping to a node of 
C, then 

Spec{Oc',p) xc'C- [Z^^Vm], 
where D'^^ denotes the strict Henselization of 

D := Spec{Osj(ji)[x,y]/{xy)) 

at the point (msj(p), x,y) and ( E ^at acts hy x i-^ ( ■ x and y i— )■ ■ y. We will refer to this 
twisted curve as the standard jjL]\j-stacky Neron 1-gon over S. 




Standard /ijv-stacky Neron 1-gon 

Definition 3.5 ( |A0V21 §4]). Let ^ be a finitely presented algebraic stack, proper over a scheme 
S and with finite inertia. A twisted stable map to X from an n-marked twisted curve {C/S, {Sj}) 
over S with coarse space {C/S, {pi}) is a morphism C ^ X of stacks over S such that: 

• C —!' X is a representable morphism, and 

• the induced map C ^ X is a stable map from (C, {pi}) to X. 

Over any base scheme S, we write JCg^n{'^) for the stack over S associating to a scheme T/S the 
groupoid of pairs (C,a), where C/T is an n-marked twisted curve whose coarse space C/T is a 
genus g nodal curve, and aiC^^x^Tisa twisted stable map. 

Proposition 3.6 ( |AOV2^ 4.2]). For X as above, JCg^n{'^) is a locally finitely presented algebraic 
stack over S. 

In particular, note that since a twisted stable map is required to be respresentable, if X is 
representable then this is simply the usual Kontsevich stack Mg^n{'^) of stable maps into X. 

Theorem 3.7 ( |A0V21 4.3]). Let X be as above, and also assume that X as tame. Then /Cg^„(<Y) 
is proper and quasi-finite over A4g^n{X). 

A quick word of caution: the twisted stable maps of [A0V2j are a generalization of what are 
referred to as balanced twisted stable maps in [AVj and |ACVj : we are only interested in balanced 
maps for this paper, so hopefully our notation /Cg^„(A') will not cause any confusion. 

Let {C/S, {Sj}) be an n-marked twisted curve with coarse space C/S. If p — )• C is a geometric 
point mapping to the image in C of the gerbe Sj, such that Spec(Oc'^p) x^ C ~ [D^^/^r] as in 
Definition 13.31 then the integer r is uniquely determined by p, and we call r the local index of C at 
p. In fact one verifies immediately (cf. [AV, 8.5.1]) that the local index only depends on i and on 
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the image of p in S, and that the function : 5 — >• Z>o sending s = f(j)) £ S to the local index r 
is locally constant. 

Notation 3.8. Let e = (ei,...,e„) G Z>o- We say an n-marked twisted curve (C/S, {Sj}) has 
global index e if is constant of value for all i = 1, ...,n. 

If X/S is a finitely presented algebraic stack, proper over S and with finite inertia, we write 
ICg^n{X) for the substack of /Cg^„(<Y) associating to a scheme T/S the groupoid of pairs (C,a), 
where C/T is an n-marked genus g twisted curve of global index e, and a :C—^XxgT is a twisted 
stable map. Since the functions : S" — )• Z>o are locally constant, we see that /C^ „(<Y) is an open 
and closed substack of /Cg^„(<Y), and 

/Cg,„(;f) = ]J /Cg.„(A'). 

In this paper we will generally only be interested in the case e = (1, 1), in which case /C^ „(<Y) 
classifies twisted stable maps to X from twisted curves whose markings are honest sections. We 
win write IC'g^^{X) for ic'i^ji-'^\x). 

Notation 3.9. We write /C° for the open substack of K.'g ,^[X) associating to T/S the groupoid 
of pairs (C,a), where C/T is a smooth n-marked genus g curve (with no stacky structure) and 
a : C ^ X "XsT IS Su twisted stable map. 

If G/S* is a linearly reductive finite flat group scheme, then we have already observed that BG is 
tame. So in this case we can consider the algebraic stack /Cg^„(i3G), which is proper and quasi- finite 
over the Deligne-Mumford stack M.g^n by 13.71 since the coarse space of BG is S. 

Theorem 3.10 ( |A0V21 5.1]). Let G/S he a linearly reductive finite flat group scheme. Then 
fCg^ni^G) is flat over S, with local complete intersection fibers. 

Definition 3.11. Since a map C — )• BG is equivalent to a G-torsor P — t- C, it is often convenient to 
view Kg^ni^G) as classifying such torsors. A G-torsor P — >■ C is a twisted G- cover of C if it arises 
in this way. 

Note that since the coarse space of BG is 5", the condition that the map C — > BG is stable just 
says that G / S \s stable in the usual sense. So for G as above, /Cg^„(SG) can and will be viewed as 
the stack classifying twisted G-covers of n-marked genus g twisted stable curves. 

Still writing G for a finite flat linearly reductive group scheme over 5, suppose in addition that 
G is commutative. Then every object of tCg^ni^G) canonically contains G in the center of its 
automorphism group scheme (determining a unique subgroup stack H in the center of the inertia 
stack of fCg^ni^G) such that for any object ^ G /Cg^„(SG)(r) the pullback of to T is G). We 
can therefore apply the rigidification procedure described in |ACVl §5.1] and generalized in [AOVH 
Appendix A], thereby "removing" G from the automorphism group of each object: 

Definition 3.12. K.g^n{BG) is the rigidification of JCg^ni^G) with respect to the copy of G naturally 
contained in the center of its inertia stack. We refer to the objects of /Cg^„(SG) as rigidified twisted 
stable maps into BG, or rigidified twisted G-covers of n-marked genus g twisted stable curves. We 
write )C°g j^{BG) for the open substack corresponding to smooth curves and K,g ,^{BG) for the open 
and closed substack corresponding to twisted stable curves whose markings are representable. 

In [AGVl §C.2] it is shown that the rigidification of an algebraic stack with respect to a group 
scheme admits a natural moduli interpretation. In this paper we are only interested in the case 
where G is diagonalizable, in which case ICg^niSG) can be given a more concrete moduli interpre- 
tation which we will now describe. 

Given a twisted curve C over a scheme 5, let 7icc/g denote the stack associating to T/S the 
groupoid of line bundles on C x g T. 
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Proposition 3.13 ( jA0V2l 2.7]). yicc/s is a smooth locally finitely presented algebraic stack over 
S, and for any C € Tic^/sC^) 

group scheme Aut7^(/2) is canonically isomorphic to ^rn^T- 

Write Pic^/s for the rigidification of this stack with respect to G^; Picc/s is none other than 
the relative Picard functor of C/ S. From the analysis of Picc/5 in |A0V21 §2] we have: 

Proposition 3.14. VicQj^ is a smooth group scheme over S, and if ir : C ^ C is the coarse space 
ofC/S, then there is a short exact sequence of group schemes over S 

^ Picc/s ^ Picc/5 ^0, 
with W quasi-finite and etale over S. 

In fact, since vr^Gm = Gm we can deduce from the exact sequence of low-degree terms of the 
fppf Leray spectral sequence 

that W is the sheaf associated to the presheaf T 1-^ //''(Cy, R-'^vr^Gm) (where we still write vr : 
Ct — )• Ct for the morphism induced by base change from tt : C — > C). 
For any integer annihilating W, we get a natural morphism 

xA^ : Picc/5 ^ Picc/5- 
Definition 3.15 ( [A0V2t 2.11]). The generalized Jacobian of C is 

Pic°/5 := Picc/5 Xx7v,Picc/s 
where Fic^^g is the fiberwise connected component of the identity in the group scheme PicQ/g. 
Pic[!y^ is independent of N and is viewed as classifying line bundles of fiberwise degree on C/S. 

Remark 3.16. Unlike the case of Pic^^^. for C/S a (non-stacky) genus g curve, the geometric 
fibers of Pic^/^g need not be connected for C/S a twisted curve. For instance, if C = [C/ fi^] for 
C/S a Neron 1-gon as in Example 13.41 it is easily verified that Pic^iy^ = Gm x Z/(A). We see 
that when C/S is a 1-marked genus 1 twisted stable curve, Pic^i^^^ behaves like the smooth part of 
a generalized elliptic curve over S. In fact it will play an analogous role in this paper to that of 
generalized elliptic curves in | DR ] and |Conj . 

Lemma 3.17. Let k be an algebraically closed field, and C/k a 1-marked genus 1 twisted stable 
curve, with no stacky structure at its marking, such that the coarse space C/k is not smooth. Then 
C is a standard fi^-stacky Neron N-gon (Example for some (unique) positive integer N. 

Proof. It follows from [DRl II. 1.15] that the 1-marked genus 1 stable curve C/k is a Neron 1-gon. 
Write vr : C — )• C for the map exhibiting C as the coarse space of C. Write C = — )• C for the 
normalization of C, and write C for the following fiber product: 

c — ^c 

TT 

We have a short exact sequence of fppf sheaves on ¥^ 
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where T is the pushforward to P"*^ of O^, for Z = Bfi^ U -S/^Af the preimage in C of the (stacky) 
node of C. This induces an exact sequence 

^ Pic(pi) ^ Pic(C) ^ Pic(Z) ^ H^{F^,0^,) = 0, 

inducing an isomorphism Pic~^^ = Pic(Z) = Z/(iV) x Z/{N) since PicJJi/^ = 0. 
Now consider the short exact sequence of fppf sheaves on C 

where Q is the pushforward to C of Op for p = B^n the (stacky) node of C. This induces an exact 
sequence 

^ A;^ ^ /t^ A A;^ ^ Pic(C) ^ Pic(C) ^ Pic(S^7v). 
We have Pic(S//Ar) = "^/(N) and Pic[!/;, ^ ^/(N) Z/(iV), and the map 

Pic°/fc ^ Z/(iV) X Z/{N) Z/{N) ^ FiciBf^N) 

is given by (a, 6) a — b. In particular the kernel is isomorphic to Z/ (A^), so we have a short exact 
sequence 

^ A;'' ^ Pi4/k ^ ^/{N) 0. 

This sequence splits (noncanonically) since A;^ is divisible (as k is algebraically closed), so Pic^^^ = 
X Z/(iV). 

The fppf exact sequence of sheaves on C 

— )■ fJ^N — )• Gm Gm — > 

then gives us an isomorphism 

H^{C,fj.N) = ker(Picc/fc ^ Picc/fc) 
^flNX Z/(iV). 

Let C" — )• C be the /^Ar-torsor over C corresponding to the class (1, 1) € fiN x Z/ (-^) — H^{C, ^v)- 
Then C" is representable by |AHf 2.3.10], since (1,1) is the class in H^{C,fi]\f) of a uniformizing 
line bundle on C. Let 

y = C">^^CxcC''" Ac, 
and consider the resulting ^^r-torsor C'y V = Gm- The pullback map 

i* : H\C,fiN) = mx Z/{N) ^ Z/{N) ^ H\Gm, m) 

is given by (C, a) i-> a. It therefore follows that Cy = Gm, with the ^Ar-action given by the standard 
multiplication action on Gm- The quotient map Gm — > [Gm/fJ-N] — Gm is the map "x i-^ x^." 
Fix an etale neighborhood W of the node of C of the form W = Spec{k[z , w] / (zw)) , such that 

CxcW^ [D/fiN] 

for D = Spec(A;[x, y]/{xy)), with C £ /^A acting hj x i-^ C,x and y i-^ C^^y- The composite 

is given by the ring homomorphism z i— > x^ ,w i— ?> y^. Since C is representable and C XqW ^ 
C Xc" 1^ is a /iAT-torsor, it follows that C" x^ = with the above ^Ar-action. In particular we 
see that C is a nodal curve with one node. 

Composing our original C" — )• C with the coarse space map C — >• C gives us a finite morphism 
of nodal curves C — t- C, which restricts to the /^Ar-torsor Gm — >• Gm — C*^™ and which is totally 
ramified over the node of C. Riemann-Hurwitz for nodal curves implies that C has arithmetic 
genus 1, so C" is a Neron 1-gon with smooth locus C'^"^ = Gm- The multiplication action of /Ua^ on 



14 



A. NILES 



Gm extends uniquely to an action on C", and by assumption C = [C'/fiN]- Thus C is a standard 
//AT-stacky 1-gon. □ 

Notation 3.18. For any finite flat commutative group scheme G over a base scheme S, is 
the stack over S associating to an 5-scheme T the groupoid of pairs {E, cp), where E/T is an elliptic 
curve and (/> : G* — >• E[N] is a homomorphism of group schemes over T (for G* the Cartier dual of 
G). For the 5-scheme G = //at we write Jfi(A^) for !K{^]\[), and for the 5-scheme G = fij^ we write 
J{{N) for :K{fi%). 

As in I AO V 11 §2.3], we say a finite commutative group scheme is diagonalizable if its Cartier 
dual is constant, and locally diagonalizable if its Cartier dual is etale. 

Lemma 3.19 ( |A0V2| 5.7]). Let G/S be a finite diagonalizable commutative group scheme, so BG 
is tame (since G is linearly reductive) and X := G* is constant. For any twisted curve C/S there is 
an equivalence of categories between the stack TORSc/s{G) classifying G-torsors on C/S and the 
Picard stack yicc/sl^] morphisms of Picard stacks X — )• Ticc/s- 

The construction for the above equivalence is as follows: 

Let vr : P — )• C be a G-torsor over C. G acts on the sheaf tt^kOp, yielding a decom- 
position 

Each £^ is invertible since P is a torsor over E^ so this determines a morphism of 
Picard stacks 

cl)p:X^ yiccis 
[>Cx]. 

And conversely, such a morphism : X ^ yic^js naturally determines an algebra 
structure on 

'A(X), 

giving a G-torsor 

Spec,(00(x)) 

with the G-action determined by the X-grading. 
This defines an open immersion from ICg^niSG) into the algebraic stack over S associating to an 
5-scheme T the groupoid of pairs (C,(/>), where C/T is an n-marked genus g twisted stable curve 
and (f) € "Picc/Ti^]- Rigidifying K,g,n{BG) and yicc/T with respect to the group schemes G and 
Gm respectively, we have an open immersion from fCg^ni^G) into the stack classifying pairs (C, </)), 
where C/T is an n-marked genus g twisted stable curve and cp : X Piccz-p ^ homomorphism of 
group schemes over T. 

Writing f : C ^ S for the structural morphism, we have Picc/s = f*Gm- Therefore fppf- 
locally on T, <j) corresponds to the choice of an X-torsor P ^ C, with P representable if and only if 
(C, (p) comes from an object of Kg^ni^G) (refer for example to [AHl 2.3.10] to see that a morphism 
from a twisted curve C to BG is representable if and only if the corresponding G-torsor over C is 
representable). This gives us: 

Corollary 3.20. For a finite flat diagonalizable group scheme G/S, the above construction gives an 
equivalence between Kg^ni^G) and the stack over S associating to T/S the groupoid of pairs {C,(j)), 
where C/T is an n-marked genus g twisted stable curve and (p : X Fic^/x is a group scheme 
homomorphism such that, fppf-locally on T, the G-torsor over C corresponding to (p as above is 
representable. 
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In particular, we get an equivalence 

since for an elliptic curve E/S every G-torsor over E is representable and we canonically have 
E = Pic^^^.. This isomorphism sends Q G E{S) to the class of the line bundle C{{Q) — (0^;)), so 
as a special case we see that if : 'L/{N) — )• is a group scheme homomorphism with (/>(!) = Q, 
the corresponding ;U7v-torsor over E is of the form 

P = Spec^(0/:((a-Q)-(Oi?)))- 

a=0 

Since 'Ki{N) naturally contains a closed substack isomorphic to the stack ^i{N) over S classi- 
fying [ri(A^)]-structures on elliptic curves, we see that the algebraic stack K.i^i{B^n) is a modular 
compactification of ^i{N). Similarly, the algebraic stack JCi^i{Bn\;) is a modular compactification 
of the stack '^{N) classifying (not necessarily symplectic) full level N structures on elliptic curves. 
The task in both cases is to give a moduli interpretation of the closure of these classical moduli 
stacks in lCi^i{BG), and we address this in the following sections. 

Lemma 3.21. lC°i i{B^n) is dense in JC'i i{B^n), (ind ICl i{B^ij^) is dense in JC'i i{Bfi'j^f). 

Proof. Let Co be a standard /x^-stacky 1-gon over an algebraically closed field k, and let cpo : 
Z/ (A^) — )• Pic[|^ = Gm X Z/ (d) be a group scheme homomorphism such that (Co, 0o) ^ ^i,i{^f^N){k) 
(so d\N and (po meets every component of Pic^^^^^). We need to lift {Co/k,(f)()) to a pair {C,4>) € 

IC'i i{Bhn){^) for a local ring A with residue field k, such that the generic fiber of C is a smooth 
elliptic curve. 

Let Cg/A; be a standard /iAr-stacky 1-gon, and consider the morphism Cq — )■ BfiN corresponding 
to the group scheme homomorphism 'Ij/{N) — > Pic^/ = Gm x ^/(-^) sending 1 to {l,N/d). This 
morphism is not representable; the corresponding ^Ar-torsor over Cq is as follows: 




We may factor the morphism Cq — > B^n as Cq — > Co ^ B^n-, where Co Bfij\f is the relative 
coarse moduli space ( |A0V21 Thm. 3.1]) of Cq BfiN- 




(N/d-gon) 



Co 
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Since this Cq is a standard /i^-stacky 1-gon, we may identify it with our original twisted curve 



Co- This gives us a morphism Cq Co, and the resulting pullback map Pic[i ^^^c' Ik 



monomorphism 

G„ X Z/(d) ^ G„ X l/iN) 
N 

(C,a) ^ (C,-^ - a). 

Let E/klq"/^} be an A^-gon Tate curve, so the special fiber of f is a Neron A^-gon, £(iSik{{q'^/^)) is a 
smooth elliptic curve, and we have an isomorphism £^^™[iV] = ^uat x 'L/[N) of finite flat commutative 
group schemes over klq"!^}. Let Q = (1,1) G £:"™[iV]. The relative effective Cartier divisor 

D:= J2 

aeZ/{N) 

in £^*^™ is a subgroup scheme, etale over felg^/-^], and the quotient £ := £/D is naturally a generalized 
elliptic curve whose special fiber is a 1-gon. The stack quotient C := [£^/£''^™[A^]] is naturally 
a twisted curve, whose generic fiber is an elliptic curve and whose special fiber is Cq. Writing 
vr : — 7> C for the natural quotient map, we will see in J}6]that for any line bundle C on £ there is 
a canonical decomposition 

a&l(N) 

where each La is a line bundle on C. 

For a section K € £'^™{k\q^l^\), we write i? for its image in Then we have the 

degree line bundle := C{{R) — (0^)) on £, hence a canonical decomposition 

aeZ/(Af) 

We will see in gSthat the map f^°^[iV] ^ Pic°^^j^i/jv] [^^] sending R = (C, a) € /^at xZ/(7V) ^ £'^°^[iV] 
to CR^a is an isomorphism of group schemes over /c[(7^/^]. 

Returning to our original pair {Co,4>o) £ ^'i i{BfJ.N){k), write <p{l) = {C,a) € fi^ x 'I,/(d) = 
Pic^^^^[A^]. Via the map Cq Cq constructed above, this corresponds to {C,{N/d) ■ a) E fiN x 
Z/(iV) = Pic[l,/^.[iV]. Cq is the special fiber of the twisted curve C, and we have an isomorphism 
over klq^/^j 



Pic° , . - £'^[N] - X Z/{N). 



Now (C, {N/d) ■ a) lifts to a section of Pic^^^j^i/jvj [-^]) corresponding to a group scheme homomor- 
phism Z/{N) — )• Pic^^^i^i/ivj, hence to a morphism C — > -B/xtv- Writing C — >■ ;B//Ar for the relative 
coarse moduli space and 4> : 'Ij/{N) — )• Pic|^^j^i/jvj fo^ the corresponding group scheme homomor- 
phism, we see that C/klq^/^j is a twisted curve with special fiber Cq and generic fiber an elliptic 
curve. extends (po and {C,(f)) £ ICi^i{BnN)iklq^/^j) as desired. 

A similar argument of course applies to /C^ i{BiJ,'jf) C IC'i i{B^j^). □ 

We will require a concrete description of the //Ar-torsor corresponding to a particular sort of 
[ri(A^)]-structure on an elliptic curve: 

Lemma 3.22. Let K be a field and E/K an elliptic curve. Let Q G E{K) he a \ri[N)]- structure 
on E such that the relative effective Cartier divisor 

D:= Y,['^-Q] 

a=0 
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in E is etale over Spec(i^). Let P ^ E he the fiN-torsor corresponding to Q as in \3.2(k 



N-l 



P = Sj>ecJ(^C{{a-Q)-{OE))). 



a=0 

Then P can he naturally identified with the quotient E/D, where D is viewed as a suhgroup scheme 
of E, etale of rank N over Spec{K), with the quotient map P ^ E corresponding to the natural 
map E/D E/E[N] ^ E. 

Proof. Consider the CAr-pairing on E[N], a nondegenerate bilinear pairing of finite flat group 
schemes over Spec(if): 

CN ■■ E[N] X E[N] UN- 
Under our assumptions, the composite map 

E[N]/D = {Q} X E[N]/D ^Dx E[N]/D % ^tv 

is an isomorphism of group schemes over Spec(-ftr). Then via this isomorphism, acts on the quo- 
tient E/D through the natural action of the subgroup scheme E[N]/D C {E/D)[N], making E/D 
a ^AT-torsor over E/E[N] = E with quotient map the obvious one induced from the factorization 
of [N] as E^ E/D E/E[N] ^ E. 

By Lemma 13.191 we may express the //Ar-torsor E/D —^Eas 

N-l 



E/D = Svec^i(^Ca) 



a=0 

for some line bundles Ca £ Pic^/ic" t-^l ' '^ith the algebra structure determined by isomorphisms 
Ca ® C}, = C-a + b mod N and the //AT-action corresponding to the grading. We have a natural 
isomorphism of group schemes over K 

E ^ 

R G E{K) ^ C{{R) - (Oij)), 

so we conclude that £i ^ C{{Qq) - (0^)) for some Qo e E[N], and Ca = C{{a ■ Qo) - (0^)). 

Let TT : E ^ E/D he the isogeny dual to n : E/D ^ E/E[N] = E. Identifying E = Pic^/^ and 

E/D = PiC(£;/£))/^ , vr is simply given by the pullback map vr* : Pic^y^ — > Pic^E/D)/K- 
bundle C on E/K we have 

v-i 

7r*{£) = ^£^£{{a-Qo)-{OE)), 

a=0 

viewing the direct sum of line bundles on as a line bundle on E/D = Spec^(©£((a • Qo) — (Ob)))- 
In particular, for our original [ri(A^)]-structure Q, 

N-l 

7r*(£((Q) - (Oe))) = C{{Q + a-Qo)- {Oe))- 

But the dual isogeny to vr : E/D — )• E/E[N] = E is the natural quotient map E E/D, and this 
maps Q to Oe- Therefore the line bundle (BC{{Q + a • Qq) — {Oe)) on E/D is the trivial line bundle 
on E/D: 

N-l N-l 

£{{Q + a • Qo) - {Oe)) = ■ Qo) - {Oe))- 

a=0 a=0 
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Therefore Q is contained in the subgroup scheme of E generated by Qq: Q = b-Qo for some h. Since 
Qq G E[N] and N is the minimal positive integer with N ■ Q = Oe, this imphes that b (z {Z/ (N))^ , 
and in fact by the definition of the e/vr-pairing we have 6 = 1, i.e. Qq = Q. Thus 

N-l N-1 

Spec J £((a • Qo) - (0^))) = Spec^( £((« • Q) - (Oe))), 

a=0 a=0 

that is, E/D = P with the quotient map P E of the given ^jv-action becoming identified with 
the natural quotient map E/D E/E[N] ^ E. □ 

4. Moduli of elliptic curves in ICi^i{Biin) 

We first describe how the different components of ICl i{]3n]\f) = 'Ki{N) interact. These results 
are direct corollaries of |KMH §13.5]. Continue working over an arbitrary base scheme S. First 
consider the case where = is a prime power. For each < m < n we get a closed immersion 

sending a pair 0) € yi(p™)(T), where (p : Elp"^] is a [ri(p™')]-structure on E/T, to 

the pair {E,(f)) € IKi(p")(T), where (p '■ ^/(p") ~^ Elp"^] is obtained from cj) by precomposing with 
the canonical projection These yield a proper surjection of algebraic stacks 

u u ... u Mp) u yi(i) ^ :ki(p") 

which is an isomorphism over S[l/p]. 

But this is not an isomorphism over S 0¥p. Recall that by Theorem 12.131 for any perfect field 
k of characteristic p, ^i{p"^'')k is the disjoint union, with crossings at the supersingular points, of 
components 

MPnt'"''^ (0<6<m), 

where an object of ^ i (p™")^™ (T) is a pair [E, (/)) where E/T is an elliptic curve and : Z/ (p™) — >■ 
E\p^] is a [Ti{p'^)]-{m — b, 6)-cyclic structure on E/T (Definition 12. lOp . Such an object corresponds 
via i*^™') to the pair {E,(p) G IKi(p")(T) as described above. 

The key observation is Lemma |2. lit if (p : Z/(p™) — ?> £^ is a [ri(p'")]-(m — 6, 6)-cyclic structure 
on an ordinary elliptic curve E/T/¥p, then (p := (p o n : Z/(p") — > is a [ri(p")]-(?7- — b, 6)-cyclic 
structure on E, where vr : Z/(p"') — ?■ is the natural projection. Etale locally on T such 

that ^ fipn X Z/(p") and ^[p'"] ^ //pm x Z/(p'"), the [ri(j9'^)]-(m - 6, 6)-cyclic structure (p 

corresponds to a section of 

fM^m X (Z/(/))^ if 6<m 
/ipm X (Z/(/))^ if 6 = m, 

and the reason that such a section also gives a [ri(p")]-structure is that in characteristic p, unlike 
in characteristic 7^ p, if c < n and Z/(p^) — t- /ipc is a Z/(p'^)-generator then the composite 

Z/(p") ^ Z/(/) ^ /ipc 

is a Z/(p")-generator. This gives us: 

Proposition 4.1. Xei k be a perfect field of characteristic p. IKi(p")fc is the disjoint union, with 
crossings at the supersingular points, of components Zb for < b < n, where 

Zb= (j Mpnt''''\ 

b<m<n 
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identifying each with a closed substack of via Each ^i{p^)^^ ^'^^ 

is ''set-theoretically identified with Z;," in the sense that {Zh)j-ed = ^i{p"^)k^ed'''^ substacks of 
^i(p")fc,red for all b < m < n. 

To illustrate, visualize 3ii(p"')fc^red as follows: 




The closed immersion sends the following copy of yi{p™')k to the obvious closed substack of 
!Hi(p")fe, contributing nilpotent structure to the components Zq, ...,Zjn' 




Each (for < m < n) contributes additional nilpotent structure, giving us: 
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More generally, for arbitrary N we get a closed immersion 

L^'^^ :yi(d)-^?{i(iV) 
for each d dividing N, and the resulting map 

d\N 

is an isomorphism over ^[l/A^]. It follows immediately from [KMH §13.5] that if {r,p) = 1, then for 
a perfect field k of characteristic p, ^i{p"^r)k is the disjoint union, with crossings at the supersingular 
points, of m + 1 components yi(p'"r)^™ '''^^ {0 < b < m), where 

Now let N = p'^N' where {N',p) = 1, and for any r\N' let 'Ki{N)l C ^i(iV)fc denote the union of 
the components yi(p'"r)fe for < m < n. In summary: 

Corollary 4.2. Let k be a perfect field of characteristic p. For any r dividing N' , J{i(A^)^ is the 
disjoint union, with crossings at the supersingular points, of components for < b < n, where 

b<m<n 

identifying each yi(p'"r)^™ ^'^^ with a closed substack of 'Ki{N)k via Each Vi{p"^r)^^ 

is "set-theoretically identified with Z^" in the sense that (Z;,)red = 

r)^ red substacks of 

^i(-^)fc,red- ^i(-^)fe ^-5 the disjoint union of the closed substacks 

{Jil{N)l}r\N'- 

We now want to describe the closure of yi(A^) in ICi^i{BfiN), as a moduli stack classifying twisted 
curves with extra structure. This is accomplished in |ACVt §5.2] over Z[l/N]; let us briefly recall 
how this is done. 

Definition 4.3. Let G be a finite group, viewed as a finite etale group scheme over Z[1/|G|]. Fix 
an isomorphism G* = G, after adjoining the necessary roots of unity to Z[1/[G[]. !B*'^^(G) is defined 
as the substack of fCi^i(BG) over Z[1/|G|] whose objects are twisted TeichmuUer G-structures on 
twisted curves. An object of lCg^n{BG){T) is a pair (C, 0), where C/T is a 1-marked genus 1-twisted 
stable curve with non-stacky marking, and is a group scheme homomorphism G — )• Pic[!yj.. By 
definition, {C,(j)) G 23**^5^(0) (T) if and only if, whenever P — t- C is a G-torsor corresponding to (j) 
(fppf- locally on T), the geometric fibers of P/T are connected. 
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'B^gl^{G) is naturally a closed substack of /Cg^„(SG). Working over Z[l/N], the choice of a 
primitive N^^ root of unity ^jy determines an isomorphism of group schemes G := 7j/{N) = fiN 
over T^ICn, 1/-^]- Applying the resulting isomorphism )Ci^i{BG) = lCi^i{13fiiy), we may view 'yi(A^) 
as a substack of ICi^i{BG), and the closure of ^i{N) in ICi^i{BG) over ^[("tv, 1/-^] can be shown to 
be "B^^KG) (indeed, this follows from 14.61 below). Thus: 

Corollary 4.4. The closure of^i^N) in }Ci^i{Bij,n) overZ[l/N] is the stack whose objects over 
a scheme T/Z[l/A^] are pairs {C,(j)), where C/T is a 1-marked genus 1 twisted stable curve with 
non-stacky marking, (p : 'Z/{N) — t- Pic^^^^^ is a group scheme homomorphism, and whenever P ^ C 
is a fj,]\f-torsor corresponding to (p (fppf-locally onT) the geometric fibers of P/T are connected. 

However, in characteristics dividing N , simply requiring the /XAr-torsors to have connected geo- 
metric fibers will not give us a moduli stack isomorphic to the closure of ^i{N) in /Ci^i(5/XAr). 
For example, the group scheme /x^n is itself connected over any field of characteristic p; so any 
//pn -torsor over an n- marked genus g twisted stable curve over a field of characteristic p will au- 
tomatically be connected. So if the above result held over a base scheme 5 € Sch/Fp, it would 
say the closure of ^i{p^) in JCi^i{Bfipn) is all of JC'i i{Bfj,pn) (the substack of /Ci_i(S/ipn) where the 
marking is representable). We will see that this is not true; the closure of yi(p") turns out to be 
finite and flat of constant rank p^" _p2n-2 ^^^^ A^i^i, while /C'^ ^(S/ipn) turns out to be finite and 
flat of constant rank p^" over A^i^i. 

A ;UAf-torsor over C/S determines a group scheme homomorphism 'Z/{N) — > Pic^^^, and over 
Z[l/A^] a /xjv-torsor with connected geometric fibers corresponds to a group scheme homomorphism 
which is injective. We are therefore led to consider Drinfeld structures on our twisted curves: 

Definition 4.5. Let C/S he a 1-marked genus 1 twisted stable curve with no stacky structure at 
its marking. A [ri{N)]- structure on C is a group scheme homomorphism cp : Z/(A^) — > Pic^i^^ such 
that: 

• the relative effective Cartier divisor 

aeZ/{N) 

in Fic'^^g is an S'-subgroup scheme, and 

• for every geometric point ^ — > 5, Dp meets every irreducible component of (PicQ^g)p = 
Pif-° 

Over any scheme 5, we define XY'{N) to be the substack of K,i^i{B^jln) whose objects over an 
5-scheme T are pairs {C,(j)) G K.i^i{B^n){T) such that is a [ri(A^)]-structure on C. 

Note that if C/5 is a 1-marked genus 1 stable curve (non- twisted), so that every geometric fiber 
oi C/S is either a smooth elliptic curve or a Neron 1-gon, then this agrees with the definition of a 
[ri(A^)]-structure on C/S" as given in [CorT, 2.4.1] and in Definition O above, identifying a [ri(A^)]- 
structure P € C^^{S) with its corresponding group scheme homomorphism Z/(A^) — > C*^™, 1 i— >■ P, 
since Pic^^^ = C*^™ in this case. 

Theorem 4.6 (Restatement of II. ip . Let S be a scheme and XY'{N) the stack over S classify- 
ing [Ti{N)]-structures on 1-marked genus 1 twisted stable curves with non-stacky marking. Then 
XY'{N) is a closed substack of 1Ci^i{B^n), which contains ^i{N) as an open dense substack. 

In particular Xj^™(A^) is flat over S with local complete intersection fibers, and is proper and 
quasi-finite over Aii^i. 
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Remark 4.7. Although this gives a new modular compactification of yi(A^), it should be noted 
that the proof of the theorem relies in several places on the proof in |Conj that the moduli stack 
classifying [ri(A^)]-structures on generalized elliptic curves is a proper algebraic stack over Aii^i. 

Proof of \4-6\ The main point is to verify the valuative criterion of properness for X^^{N), which 
implies X^'^N) is a closed substack of /Ci^i(S/iAr). It follows from Lemma [3 . 2 1 1 that ^liN) is dense. 

Let i? be a discrete valuation ring with T := Spec(ii) G Sch/S"; write rj = Spec(K) for the 
generic point of T and s = Spec(A;) for the closed point. Let {Crj^cpr]) £ so Cr,/K is a 

1-marked genus 1 twisted stable curve with non-stacky marking and (/)^ : ^^/{N) Pic^ is a 

[ri(A^)]-structure on C^. Since K,i^i{B^n) is proper over S, there is a discrete valuation ring i?i 
containing as a local subring, with corresponding morphism of spectra Ti — ?> T over S*, such 
that the pair {Cr, Xt Ti, {4>n)Ti) extends to a pair (Cti,0Ti) G ^i,i('S/iAr)(T); and whenever such 
an extension exists, it is unique. Therefore it suffices to show that for some such Ri and Ti, 
there exists a [ri(iV)]-structure (^Ti on a 1-marked genus 1 twisted stable curve Cti extending the 
[ri(A^)]-structure {4>r])Ti_ on x^Ti. This is accomplished in Lemmas 14.9114. 12] below. 

Terminology 4.8. In the following lemmas and their proofs, "base change on R" will refer to 
replacing R with a discrete valuation ring Ri as above. 

By [DRl IV. 1.6], after a base change on R we may assume that the minimal proper regular model 
of the is a generalized elliptic curve. We maintain this assumption for the 

rest of the proof. 

Lemma 4.9. Suppose Crj/K is a smooth elliptic curve whose minimal proper regular model over R 
is smooth, and (prj is a \ri{N)]-structure on Cy^. Then after base change on R, {Crj,(pr]) extends to 
a \ri{N)]-structure (p on a smooth elliptic curve C/R. 

Proof. This is immediate from the fact that the stack Xi{N) classifying [ri(A'^)]-structures on 
generalized elliptic curves is proper ( |Conl 1.2.1]). □ 

Lemma 4.10. Suppose {Cr^,(pr^) G 'X^^{N){r]), such that the coarse space Crj ofCrj is singular. Then 
after base change on R, {Crj,4>r]) extends to {C,(j)) E XY'{N){R). 

Proof. After a base change on R, we may assume that Cr^/K is the standard ^u^-stacky Neron 1-gon 
as in Example l3.4l for some d > 1; since admits a [Fi (A^)]-structure and Pic[i^^^ = G^.x x 
we have d\N . 




Standard /x^-stacky Neron 1-gon 

Let C/R he the standard ^^-stacky Neron 1-gon over R, so C is a genus 1 twisted curve over R 
extending (and of course the marking of Cj^ extends to C). After further base change on R we 
may assume ^n{K) = ^n[R)- Let 4)r){^) = (Cjo) ^ 'GjmiK) x Z/((i); since (/>^ is a [ri(A^)]-structure 
on Cr,, we have C ^ IJ-Ni^) and a £ {Z/{d))^. Since ^n{K) = fiiy{R), this extends to a section 
(C, a) E Gm(-R) X '^/{d), determining a group scheme homomorphism (p : 'L/{N) — > Gm,R x 
with (p{l) = (C,a). Since a £ {Z/{d)Y, (/> is a [ri(iV)]-structure on C. ' □ 

Lemma 4.11. Suppose R has pure characteristic p > 0, and Cr, = E^, is an elliptic curve over K 
whose minimal proper regular model over R is not smooth; that is, E^^/K is an ordinary elliptic 
curve with bad reduction. If 4>n '■ '^/{N) — > Vic^^jp^ is a \ri{Ny\- structure on Cr,, then after base 
change on R, there exists a pair {C,(f)) € X^ (N){R) extending {Cr,,(j)r))- 
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Proof. Since for any coprime N and N' we obviously have 
and 

it suffices to consider the cases where (a) N is prime to p (including the case p = 0) and (b) 
iV = p". 

(a) First suppose {N,p) = f or p = 0. After base extension on R we may assume that the finite 
abelian group E^{K)[N] is isomorphic to {Z,/{N))'^. After further base extension on R, the map 
gives us a ^UAr-torsor — > E"^, corresponding to the point Q^j = 4>rj{^) G ^^^%r,/K(-^) ~ ^v(^) °^ 
"exact order A^" in the sense of |KMll §1.4] (and since {N,p) = 1, this just says Qrj has exact order 
A'^ as an element of the group Efj{K)). Let S/i? be the minimal proper regular model; after further 
base extension on R and replacing £ with the new minimal proper regular model of -E.^, we may 
assume £ has the structure of a generalized elliptic curve extending that of -E^ ( |DRl IV. 1.6]; also 
cf. [Cont proof of 3.2.6]). Since E^(K) = £.^"^{R), the finite fiat ii-group scheme £''™[A^] has rank 
N'^, hence is etale over Spec(-R) since {N,p) = 1. Therefore the special fiber 8-s is geometrically 
a Neron mN-gon for some m. Replacing £ with its contraction away from the subgroup scheme 
gsm|-jYj gsm |-p£^ [DR^ IV. 1]), we get a generalized elliptic curve E/R extending E^, whose special 
fiber is geometrically a Neron A^-gon, with E^{K)[N] = 8,''^{R)[N]. 




\ (A^-gon) 

Note that Qr^ extends uniquely to a section Q € £'^™(i?)[A^] of exact order A^, which Conrad calls a 
"possibly non-ample [ri(A^)]-structure on £," meaning Q satisfies all the conditions of a [ri(A^)]- 
structure except that the relative eff'ective Cartier divisor ^^aei^/iN) ' Q] ™ight not meet every 
irreducible component of a geometric closed fiber £3-. 
Recall that by Corollary E^Ql 

Pv = Spec ^^ ( ma ■ Q,) - (O^J)) 

a=0 

with the /iAT-action on ©£((a • Qr^) — (Oe,,)) induced by the Z/(A^)-grading. Since A^ is invertible 
on Spec(i?), the assumptions of 13.221 are satisfied, so we may identify with E^/(Q^), with the 
quotient map Pfj — )■ E^ identified with the quotient map Erj/{Qr^) — )• E,;/E^[A^] = E^. Then the 
//TV-action on P^ = E^/(Q^) is determined by the group scheme isomorphism E^[A^]/(Q^) = /iyv 
induced by the CAr-pairing and the choice of Qn- 

Er,[N]/{Qri) = {Qr,} X E^[Ar]/(g^) ^ {Qn) x E^[Ar]/(g^) ^ fi^. 

By [Con! Theorem 4.1.1], the eAr-pairing on E^/K extends (possibly after further base change on 
R) to a nondegenerate bilinear pairing of finite flat commutative group schemes over R 

CN : £''^[A^] X E.^'^IN] ^ fiN- 

Therefore the isomorphism of group schemes Erj[N]/ {Q^) — f^N described above may be extended 
via the same formula to an isomorphism of group schemes £.^"-^[N]/ (Q) = /uat. 
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This isomorphism of group schemes makes P' := [£-/{Q)] a ^Ar-torsor over the twisted curve 
C := [£/£*^™[A^]], extending our original /iAr-torsor over E^rj {C is indeed a twisted curve: by 
|A0V2l Prop. 2.3] we may detect this on the geometric fibers, where it is clear, since the geometric 
closed fiber of C is a standard ^^y-stacky Neron 1-gon). But P' is not necessarily representable. 
Indeed, let d be the minimal positive integer such that d ■ Qj lies in the identity component of 
the geometric closed fiber Then the coarse space Pj of P-^ is a Neron N/d-gon, and for any 
geometric point q — )• Pj mapping to a node of Pj, we have P^ ^-pLQ — {^fJ'N/d)k{q)- 




P^=[E^/{Q^)] C^=[£^/£-[Ar]] 
(Stacky N/d-gon) 

Let P — > C be the //7v-torsor corresponding to the relative coarse moduli space ( |A0V21 Thm. 3.1]) 
of the map C BfiN coming from the /^Tv-torsor P' C . The generic fibers are same as those of 
P' — )• C , Ps is a non-stacky Neron N/d-gon, and C-g is a standard //^-stacky Neron 1-gon, say with 
coarse space vr : — )• C-g. 




Ps 

(N/d-gon) 

Let g — )• Cs be a geometric point mapping to the node of C-j. Then C-j xCsQ — {Bf^d)k(q) and 
PsX(j_q = fi^/d (which as a /c(g)-scheme is just N/d disjoint copies of g since {N,p) = 1), so the 
resulting /ijy-torsor over {B^d)k{q) corresponds to a generator of H^{B^d^ ^n) — Therefore, 
with respect to the decomposition 

Pic^./fc(s) = ^''^k/m X H\Cg,n\,Gm) = G„ X Z/(d), 

the class of the /UAr-torsor Pg — )• Cg projects in the second factor to a generator of Z/ (d), so the map 
: Z/(iV) ^ Picc/R induced by P is a [ri(A^)]-structure on the twisted curve C/R extending the 
[ri(A^)]-structure on C^. 

(b) Now suppose = p". After base change on R, the [ri(A^)]-structure 0.^ gives us a /^Ar-torsor 
— > E^^ corresponding to the point Q.^ = </>,y(l) € Pic^^^^^(i^) = E^{K) of "exact order A^" (in 
the sense of [KM It §1.4], but not necessarily as an element of the group Efj{K)). Since ErjK is 
ordinary, after base change on R we have an isomorphism of group schemes over K 

P^A^] ^/XTV xZ/(A^), 
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SO Er^{K)[N] ^ unIK) X Z/{N) = {1} x Z/(iV) = Z/{N). The Atjv-torsor ^ Erj is 

P, = Spec^ (0£((a-Q,)-(O^J)) 

a=0 

with the /iAT-action on ©>C((Q,j) — (0^;^)) induced by the Z/(A^)-grading. 

Choose m > minimal such that the image of p"^ ■ in Z/(A^) is zero. So p"* • = 0_b^ is 
viewed as a point of "exact order p""™'" on E'^. Since >C((p"*-<5^) — (O^;,^)) = Os^, the corresponding 
//pn-m-torsor over E'^ is trivial. So if C/i? is a twisted curve extending Erj/K, the /Upu-m-torsor 
corresponding to • will automatically extend to the trivial /Xpn-m-torsor over C. 

Now view Qjj as a point of "exact order p*"" on E^^/K. The relative effective Cartier divisor 

aGZ/(p™) 

in Eri is a subgroup scheme which is etale over K. So by 13.221 E^/D^^ is the underlying scheme 
of the /ipm-torsor corresponding to Qr^. The /Xpm-action on E'^/D^ is given by the group scheme 
isomorphism 

induced by the Cpm -pairing and the choice of Qn'- 

E^[p^]/Dr, = {Qr,} X E^,[p"']/R, ^Dr,X E.,[p'''] / Dr, flp^. 

After a base change on R if necessary, let £/i? be a generalized elliptic curve extending E^^ , with 
a [ri(p'")]-structure Q on £ extending Q^. The special fiber S-g/k is geometrically a Neron p^-gon, 
and E'^'^Ip'''] ^ /ipm X 




By [Con,, Theorem 4.1.1], the ep™-pairing on Er^/K extends (possibly after further base change on 
R) to a nondegenerate bilinear pairing of finite flat commutative group schemes over R 

Cpm : £«'"[p"^] X £'^'"[p'"] ^ /ipm. 

Therefore the isomorphism of group schemes E^yp^]/ = described above may be extended 

via the same formula to an isomorphism of group schemes E.^'^[p'^]/D = ^pm, where D is the 
relative effective Cartier divisor 

D= i^-Q] 

aGZ/(p'") 

in £^™. This makes the quotient [S-/D] = E/D a representable ^pm-torsor over the twisted curve 
C := [£/£*'™[p™]], which extends the given /ipm -torsor over S^. 
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The geometric special fiber C-g is a standard ;Up™-stacky Neron 1-gon, say with coarse space vr : 
Cs C-g] [Es/Ds] = E-s/Ds is a (non-stacky) Neron 1-gon, and the quotient map Pg := E-s/D-g — >■ Cg 
extends the map = Gm C|™ = Gm, x ^ .In particular, if g ^ CV is a geometric point 
mapping to the node of CV, then C Xc q = {B fipm) f.^^-^ and Pg Xcq = q, so the resulting ^Upm-torsor 
over {Bfipm)i^(^-^-^ corresponds to a generator of {B fip^n , ^pm) = Z/{p"^). Therefore, with respect 
to the decomposition 

the class of the /ipm-torsor Pg — > Cg projects in the second factor to a generator of Z/d?"*), so 
the group scheme homomorphism (f> : — )■ P'iCq^j^ corresponding to P := [£/-D] = 8,/D is a 
[ri(p™)]-structure on the twisted curve C/R. 
Finally, write 

P = Spec^( 

a=0 

with the grading determined by the /Xpm-action on P. Since P extends the ^u^m-torsor on Ejj 
determined by Qrj, we have jC.a\r] — J~-iiQri) — i^Er,))- Then 

p"-i 

P X //pn-m = Spec^ ( mod p™)) 

a=0 

IS a //pTi -torsor over C with the /ipn -action determined by the grading, extending the original /Xp^i- 
torsor over and representable since P is represent able. Since the group scheme homomorphism 
(f> : 1j/{p"^) — )• Pic[i^^ corresponding to P is a [ri(p™')]-structure on C, and the group scheme 
homomorphism cp' : — )• Pic[iy^ corresponding to P x fipn-m is (f) o tt for the canonical 
projection vr : ^ Z/{p'^), it follows immediately that 0' is a [ri(p")]-structure on C □ 

Lemma 4.12. Suppose R has mixed characteristic {0,p), and Crj = is an elliptic curve over K 
whose minimal proper regular model over R is not smooth; that is, Er^/K is an ordinary elliptic 
curve with had reduction. If '■ "^/{N) ^'^'^^^/k ^ \ri{N)]- structure on Cj^, then after base 
change on R, there exists a pair {C,(f)) € {N){R) extending 

Proof. As before, we can restrict to the two separate cases where {N,p) = 1 and where = p*^. 

(a) If (p, N) = 1, the same argument as in part (a) of the proof of Lemma 14.111 carries through. 

(b) Suppose = p". As in the proof of Lemma 14.11^ after base extension on R we can extend 
Efj to a generalized elliptic curve £/P whose special fiber is geometrically a Neron A^-gon, such that 
£''™(P)[A^] = £'^(Ar)[A^] = (Z/(A^))^ (the latter isomorphism being a noncanonical isomorphism 
of abelian groups). After further base change on R, the [ri(p")]-structure cpri gives us a ^jy- 
torsor Pri — >• Eri, corresponding to Qn = 4>ri{^) G ^^'^%^/k(^) ~ ^v^^) "exact order A"" in the 
sense of |KMll §1.4]. Q^^ extends to a "possibly non-ample [ri(A^)]-structure" on £/P. Since the 
special fiber £s is geometrically a Neron A^-gon, after further base change on R we may assume 
£^'^[Ar] ^ /i;v X Z/(Ar), so 

tT{Ks))[N] = m{k{s)) X Z/{N) = {1} X Z/{N) - Z/{N). 
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Suppose d > 1 is minimal such that d ■ Qg maps to in 'L/{N). Then we can choose Q^,Q^ G 
£'^'^(i?)[iV] such that: 

• Q = Qi + Q2 in £^'^(i?); 

• has exact order d in the abehan group £'^™(i2)[A^], and the relative effective Cartier 
divisor 

d-l 
a=0 

in is etale over Spec(i?); and 

• maps to in Z/{N) via the above isomorphism. 

In the abelian group £^™(i?)[iV] = (Z/(iV))^, has exact order e for some e\N. Therefore is 
a [ri((i)]-structure on E'^, and is a [ri(e)]-structure on E'^. They correspond via Lemma [3.191 
to the /Xrf-torsor 

d-l 
a=0 

and the ^e-torsor 

e-l 

P2 := Spec ,_ ( £{{a ■ Q^) - (O^J)) 

a=0 

respectively, with the gradings determining the actions of fi^ and /Xg. The /xjv-torsor corresponding 
to Qn via Lemma 13.191 is 

Af-l 

:= Spec ^ _ ( £((a • Q^) - {Qe,))) • 

a=0 

The group law on E^ tells us that 

((Qi) - (Oi?„)) + ((Q') - iS^Er,)) - {Qlj + Q^) - (Oe,) = (Q,) - (o^J, 

so we conclude that 

N-l 

Pv = Spec^ (0 £((« • Qi) - (OeJ) £((a • Q^) _ (q^J)), 

a=0 

with the ^AT-action induced by the grading. 

Consider the /i^-torsor — > E^. As in Lemma I4.1H factoring the isogeny [d] on E^ as — > 
^ ^r,, we have = E^/(Q^) with Hd acting on P^ through the isomorphism with the 
group scheme Eri[d]/{Qlj) induced via 

Ev[d]/{Ql,) = {Ql,} X E^[d]/{Ql) ^ {QD X E,[d]/{Ql) % fi^. 

Let 8-1/ R (possibly after base change on R) be a generalized elliptic curve extending E^j, whose 
closed fiber is geometrically a Neron d-gon, with £.f^{R)[d] = Er^{K)[d]. 




(d-gon) 
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As in Lemma [4. m after further base change on R we may assume that the e^-pairing on E"^ extends 
to a nondegenerate bihnear pairing of finite flat commutative group schemes over R 

QIi extends to a [ri((i)]-structure on £i/i?, and the relative effective Cartier divisor 



D :-- 



d-l 

E 

a=0 



[a ■ Q'] 



in £|™ is etale over R, so via the same formula as above we see that the isomorphism Effld]/ (Qlj) — 
extends to a group scheme isomorphism Ef^[d\/{Q^) ^ ^d- This makes P := [£i/(Q^)] = £i/((5i) 
a representable /i^-torsor over the twisted curve C := [£/£'^™[d]], extending the given ^u^-torsor 



V 



The special fiber Cs is geometrically a standard /U^-stacky Neron 1-gon, say with coarse space 
vr : — )• Cs] [Ei^s/Ds] = ^i,s/Ds is geometrically a (non-stacky) Neron 1-gon, and the quotient 



map Pg := S-i^s/Ds Cs extends the map Pg 



CI 



l ^ Jb I 7 Jb 




' X ^ X 




C^=[£i,^/£f|[d]] 



In particular, if g — )■ is a geometric point mapping to the node of Cs, then Cxcq = {Bnd)k{q) and 
-fs Xc9 = 9) so the resulting /x^-torsor over {Bfid)k{q) corresponds to a generator of H^{Biid, l^d) — 
TLjid). Therefore, with respect to the decomposition 

X fO(C„R1^,G™) ^ X Z/(d), 



the class of the /U^-torsor Pg — > Cs projects in the second factor to a generator of Ij/ld). Therefore 
P := [£i/-D] = ^i/D is a [ri(d)]-structure on the twisted curve C/R. 

Next consider the //e-torsor P^ Erj. Let tt : C — > C be the coarse space of the twisted curve 
C/R described above. By |DRt IV.1.6], after further base change on R we may assume that C/R 
is a generalized elliptic curve, with structure extending that of E^; note that Cn = E^^i and that Cs 
is geometrically a Neron 1-gon. 




C-s 




We may take the scheme-theoretic closure of the section G E^{K) to get a unique section 
q2 g (7^111 ^^-j. necessarily e • = Oc since e • = 0^;^. The isomorphisms 

£((a • Q2) _ (ogj) ^ £((5 . g2) _ (q^^)) ^ ^((^^ ^ ^) . g2) _ (q^^^)) 
of line bundles on Erf extend uniquely to isomorphisms 

C{{a ■ Q2) - (Oc)) ® C{{b . Q2) _ (0^)) ^ C{{{a + b) ■ Q^) - (Oc)) 
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of line bundles on C ; therefore the //g-torsor 

e-l 



^1 

a=0 



e-l 



= Spec ,., ( ^((« • Q') - (Oi? J)) 

extends uniquely to a ^e-torsor 

P2 := Spec^ (ffi/:((Q-Q^)-(Oc))) 

a=0 

over C, with the //g-action induced by the grading. Since Pic^y^ has irreducible geometric fibers, 
this is a [ri(e)]-structure on the generalized elliptic curve C/R. Pulling this back to C via the 
coarse moduli space map vr : C ^ C, we get a /ig-torsor 7^^ — > C extending ^ E^^, such that the 
corresponding map 4> : Ij/{N) — )• Pic[i^^ lands in the identity component of every geometric fiber. 
Finally, we return to the /iAr-torsor ^ Ej^. Write the //(^-torsor — )■ C as 

d-i 



pi = Spec^(0/:„), 



a=0 



SO >Ca|»? = ^{{O' ' QIi) — {^Er,))'i aiid write the ^e-torsor ^ C as 



e-l 



p2 = spec^(0 /::,), 



a=0 

so £^1^ = • Q^) — (0^;^)). Consider the /iAr-torsor 

v-i 

P := SpeC^ ( £a mod d® C,'a mod e) 

a=0 

over C, with the /iAr-action induced by the grading. Since 

£((a . Qi) - (OijJ) ^ £((a • Q^) _ (q^J) - £((a • Q,) - (O^jJ), 

we conclude that P — )• C extends the original //Af-torsor P^ — > E"^. Furthermore, with respect to 
the decomposition 

the line bundle Ci\s projects to a generator of 'L/{d), and the line bundle C'i\s projects to € 
Z/(c?); therefore the line bundle {Ci ® C'i)\s projects to a generator of 'L/{d), so the group scheme 
homomorphism 'L/{N) — t- Vic^j^ corresponding to the /iA^-torsor P — t- C is a [ri(A^)]-structure on 

C/P, extending our original [ri(A^)]-structure t/)^ : Z,/{N) — )• Pic[l^^^. □ 
This concludes the proof of our final lemma and thus of Theorem 14. 6[ □ 

The analysis of "Ki (N) above immediately generalizes to the compactified case. Recall (j3.8p that 
JC'i i{Bfi]\f) C /Ci^i(S/XAf) denotes the closed substack classifying rigidified twisted stable /iA^-covers 
of twisted curves with non-stacky marking; IC'i^i{Bij,n) is the closure of ICi i{Bhn) — ^i(-^^) in 
K,i^i{BfiN) by Lemma [3.211 

We have a natural closed immersion 
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for each d dividing A^, precomposing a map 'L/{d) — )• Pic^i^^ with the canonical projection Z/(A^) — > 
'L/{d). The resulting map 

d\N 

is an isomorphism over 5[1/A^]. 

Definition 4.13. Let p be prime and S € Sch/Fp. Let C/S" be a 1-marked genus 1 twisted stable 
curve with no stacky structure at its marking. Let n > 1 and a, 6 > with a + b = n. A 
[Fi (p")] -(a, 6) -cycKc structure on C is a [ri(p")]-structure cj) : 'L/{p'^) — )• Pic[l^^, such that: 

• if 5i C 5 is the maximal Zariski open subset such that Cs^ — > is smooth, : — > 
Cs^ is a [ri(p")]-(o, 6)-cyclic structure in the sense of |KMlj : and 

• if ^2 C 5 is the complement of the supersingular locus of C ^ 5, then the relative effective 
C artier divisor 

D:=Y,[<t>{m)] 

m=l 

in Pic[i^ is a subgroup scheme of Pic^^ which is etale over 

Over the base scheme S G Sch/Fp, we define C X*i™(p") to be the closed substack 

associating to T/S the groupoid of pairs (C,0), where C/S is a 1-marked genus 1 twisted stable 
curve with non-stacky marking, and (/> is a [ri(p")]-(a, 6)-cyclic structure on C. 

UN = p'^N' with {N\p) = 1, we define X*i"(iV)("'^) := XY{N') x^^ ^ [p'^)^"'^^ ■ 

The same argument as that used to prove Lemma 12.111 immediately gives us: 

Lemma 4.14. LetC/ S/¥p be a 1-marked genus 1 twisted stable curve with non-stacky marking, and 
let cj) : Z/(p") —> Vic^jg be a [ri(p")]-(a, b)-cyclic structure on C. Then for the canonical projection 
vr : Z/{p"'^^) Z/(p"), the composite cj) o tt : 'L/{p'^^^) — )■ Pic^iy^ is a \ri{p'^^^)\- structure on C, 
and is [Ti{p'^^^)]-{a + 1, b)-cyclic. 

UN = p^'N' with {N',p) = 1, for any r\N' write k!^^^{BhnY C K!^^^{B^lN) for the union of the 
components X^^{p'^r) over < m < n. 

Corollary 4.15. Let k be a perfect field of characteristic p, and let N = p^N' where {N' ,p) = 1. 
For any r\N' , ICii{Bfj,N)k is the disjoint union, with crossings at the supersingular points, of 
components for < b < n, where 

zi= U x';"{p^r)i^-'''\ 

b<m<n 

identifying each X^™(p"*r)[^™ ^'^^ with a closed substack of }C'ii{Bnj\f)k via Each substack 

X^^ {p^r)^^ f':'') "set-theoretically identified with 2,^" in the sense that (Z^red = •^i(P™^)i™cd''''^ 
as substacks of ICi i{B^M)k,red- ^1 i{BiJiN)k is the disjoint union of the open and closed substacks 

{^l,l{^lJ'N)l}r\N'- 

Strictly speaking, to apply the crossings theorem (Theorem 12. 7p to get the above corollary, we 
need to know that the morphism KLi i{B^n) -^i.i is finite. This follows from Lemma [6.31 b elow . 

The picture in the case N = p^ is essentially the same as the picture for lC°i i{B^pn)k (as discussed 
after Proposition 14. ip . except now each component is proper: 
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5. Moduli of elliptic curves in JCi^i{Bfi%) 

Next we turn our attention to /Ci working as before over an arbitrary base scheme 

S. Recall that by Corollary 13.201 the open substack /C^]^(;B//^) classifying rigidified twisted /Un- 
covers of smooth elliptic curves is naturally equivalent to the stack "K^N) associating to a scheme 
T/S the groupoid of pairs {E,(j)) where E/T is an elliptic curve and (p : (Z/(A^))^ — > E[N] is a 
homomorphism of group schemes over T. 

For any subgroup K < {Z/{N) f with corresponding quotient Gk = {Z/{N) f/K of (Z/(iV))2, 
recall (Definition l2.16p that denotes the moduli stack associating to a scheme T/S the groupoid 
of pairs {E, tp), where E/T is an elliptic curve and tp : Gk —^Eisa G/^'-structure (in the sense of 
[KMH §1.5]). So for example, if — '^/{d) for some d\N, is isomorphic to the stack and 
if Gk — {'^/{d)Y then ^k is isomorphic to the stack ^{d) classifying (not necessarily symplectic) 
[r(d)]-structures on elliptic curves. For every such we have a closed immersion 

: ^ •K{N), 

given by precomposing a Gi^'-structure : Gk — > E[N] with the canonical projection {Z/{N))'^ 
Gk- Together, these give a proper surjection 

i^<(Z/(V))2 

which is an isomorphism over ^[l/A^]. 

But in characteristics dividing this is not an isomorphism. First we consider the case where 
N = for some prime p. Any quotient Gk = / ip^))'^ / K is isomorphic as an abelian group to 
Z/(p"^) X Z/(p') for some I < m < n. The corresponding moduli stack ^k classifies G/^'-structures 
on elliptic curves, and we saw in Theorem 12.171 that over a perfect field k of characteristic p, ^K,k 
is the disjoint union, with crossings at the supersingular points, of substacks ^. indexed by the 
set 

Lk ■= {H < Gk\H and Gk/H are both cyclic}. 

The component ^ classifies G^-structures of component label H. 

Now consider two subgroups K' < K < {'L/ijp'^))'^^ and write vr : Gk' — > Gk for the canonical 
surjection. If (p : Gk E[p'^] is a G^-structure on an ordinary elliptic curve E/T /k^ then o vr 
may or may not be a G^'-structure on E. Indeed, we saw in Lemma 12.181 that o vr is a Gk' 
structure if and only if 7r^^{H) € Lk', i.e. if and only if 7r~^{H) C Gk' is cyclic. 



32 



A. NILES 



Consider the set {{K,H)\K < [Z,/ [p"'))'^ , H € Lk}- Let ^ be the equivalence relation on this 
set generated by requiring that {K,H) ~ {K',H') if K' < K and H,H' are as above, and let 
A = {{K,H)}/ ~. 

Proposition 5.1. Let k be a perfect field of characteristic p. !K{p^)k is the disjoint union, with 
crossings at the supersingular points, of components for A G A, where 

^{pn'k ■■= U "^Ik, 

[iK,H)]=\ 

identifying each with a closed substack of 'K{p''^)^ via . Each Vl^j^ is "set-theoretically 

identified with IK(p")^" in the sense that (^(p")^)red = y^fcred '^^ substacks of 'K{p'^)k^red for all 
{K, H) with [{K, H)]=XeA. 

If N = p''N' with {p,N') = 1, for any A < {'L/{N)f of order prime to p, let 'K{N)^ C 'K{N)k 
be the union of the substacks ^K,k for A < K < (Z/(A^))^ with {K : A) a power of p. Then 
similarly 'K{N)^ is the disjoint union, with crossings at the supersingular points, of components 
J{{N)i^'^ for A G A, and %(iV)fc is the disjoint union of the open and closed substacks !K{N)^ for 
A < (Z/(Ar))^ of order prime to p. 

As in the case of the reduction mod p of Ji{p"') has an appealing geometric description. 

To keep our pictures from getting unreasonably large, we restrict our attention to the case n = 1. 
The group K := (Z/(p))^ has p + 3 subgroups, namely the entire group K, Kq := 0, and p + 1 
subgroups Ki, ...,Kp^i isomorphic to 1i/{p)- The corresponding moduli stacks are 

= y(i) 

^i^o = w 
'^K,=Vi{p) for z = 

so we see that over Z[l/p], 'K{p) is the disjoint union of ^(1), '^{p) and p + 1 copies of ^lip). 
By definition we have 

Lk = {0} 

Lko = {Ki, ...,^^+1} 

Lk, = {Gk„0} for z = + 

where as usual Gk, = i'^/ {'P)Y / K'l- The set of labels A is built by putting an equivalence relation 
on the set consisting of the following pairs: 

(i^,0) 

{Kq,K.i) fori = l,...,p+l 

{Ki,GK,) for i = l,...,p + 1 

{K„0) fori = l,...,p + l. 

By definition, working over a perfect field k of characteristic p, the pair {K, 0) corresponds to ^ (1)^; 
the pair {KQ,Ki) corresponds to the component ^(p)^' of V(p)fc; the pair {Ki,GKi) corresponds 
to the component Vi{pfj}''^^ in yK^,k — Vi(p)fc; and the pair {Ki,0) corresponds to the component 

^i{p)^k'^^ in ^Ki,k — ^i{p)k- Unwinding the definition, we see that the equivalence relation defining 

A just says that {K, 0) {Ki, Gk\) for i = 1, ...,p+l, and that {Kq, Ki) ~ {Ki, 0) for i = 1, 
Thus the set of labels is A = {Ag, Ai, Ap+i}, where 

Ao = {{K, 0)] = [{Ki, Gk^] for i = 1, + 1 
Xi = [(Ko, Ki)] = [{Ki, 0)] for i = 1, ...,p + 1. 
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Visualize ^{p)k,Ted as follows: 




The component is "set-theoretically identified" with the component y(l)fc and with the 

component ^i{p)^j}''^'^ in each copy of each of these contributes additional nilpotent structure 

to the component (each ^lip)^}}'^^ has length p — I over ^(p)^''red ~ ^(1)^; so has 

length (p + - 1) + 1 = p2 over = y(l)fc). 




For i = 1, ...,p+l, the component 'K{p)jJ- is "set-theoretically identified" with the component ^ (p)^ * 
of contributing nilpotent structure to !K(p)^' (each ^(p)^' has length p — 1 over ^(p)fc*].ed)- 

The component ;K(p)^' is also "set-theoretically identified" with the component ^lip)^!^'^^ oi'^K^,k — 
^i{p)k', each of these is reduced, adding 1 to the length of the component 'K{p)^^ over ^ip)k'red- 
Thus "Kip)^' has length p over ^{p)k\ed^ which is isomorphic to ^i{p)^j^'^'' and hence has degree 
p^ — p over y(l)fc (cf. |KMlt 13.5.6]). The result is that the component ^(p)^' has length p over 
the underlying reduced stack ^i{p)^^'^\ which has degree p^ — p over ^(1)^: 
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Note that adding up the lengths calculated in the course of the above construction, we recover the 
fact that the stack IK(p) has length over = A^i,i. 

Definition 5.2. Let C/S be a 1-marked genus 1 twisted stable curve over a scheme S, with 
no stacky structure at its marking. A \r{N)]- structure on C is a group scheme homomorphism 
(t):{'L/{N)f^ such that: 

• the relative effective Cartier divisor 

D:= ['^(")] 

aG(Z/{Af))2 

in Pic[!y^ is an A^-torsion subgroup scheme, hence D = Pic[i^^[A^]; and 

• for every geometric point p —> S, Dp meets every irreducible component of (Pic^^^^)^ = 

We write X*'"(A^) for the substack of /Ci^i(S/x^) associating to T/S the groupoid of pairs (C,(/)), 
where C/S is a 1-marked genus 1 twisted stable curve with non-stacky marking, and (pissk, [r(A^)]- 
structure on C. 

Note that if C/5 is a twisted curve admitting a [r(A^)]-structure and p ^ S is a, geometric point 
such that Cp is singular, then necessarily V\c^_if^^^-^ = Gm x ^/{N)^ so Cp is a standard /ZAr-stacky 
Neron 1-gon over as in l3.4[ 

Applying the methods of our study of X5^(A^) to the stack X*'"(A^), we have: 
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Theorem 5.3. Let S be a scheme and X^^{N) the stack over S classifying \r{N)]-structures on 
1-marked genus 1 twisted stable curves with non-stacky marking. Then X^^(N) is a closed substack 
of K,i^i{BiJ?j^), which contains ^{N) as an open dense substack. 

In particular X*™(iV) is flat over S with local complete intersection flbers, and is proper and 
quasi-finite over M.i^i. 

Remark 5.4. In |Petj a direct proof is given that over 'L[l/N], X^^{N) agrees with the stack X{N) 
classifying [r(A/')]-structures on generalized elliptic curves; in this torsor over a 1-marked 

genus 1 twisted stable curve with non-stacky marking is in fact a generalized elliptic curve, and 
it is this observation that gives the desired equivalence. This argument does not generalize to 
characteristics dividing A^, because, for example, if = then the Neron A^-gon in characteristic 
p (which is a generalized elliptic curve admitting various [r(A^)]-structures) cannot be realized as 
a ;U^-torsor over a 1-marked genus 1 twisted stable curve. 

Proof of \5.3[ This is proved in exactly the same manner as Theorem l4.61 An immediate consequence 
of Lemma [3.22l is that E/K is an elliptic curve over a field K in which A^ is invertible, and (Qi , Q2) 
is a [r(A^)]-structure on E, then the /i^-torsor 

P = Spec^( ma-Qi + b-Q2)-{0E))) 

over E as in 13.201 may be identified with E itself, with the quotient map P E corresponding to 
the isogeny [N] : E ^ E. We immediately deduce via the methods of Theorem 14.61 that over an 
algebraically closed field k in which A^ is invertible, the //^-torsor obtained when we pass to the 
cusp of A^i^i is a Neron A^-gon P over a standard ^Ar-stacky Neron 1-gon C, with the ;U^-action 
on P induced by some choice of isomorphism P'^™[A^] = fij^: 




P C = [P/P'''^[N]] 

(N-gon) 



And in the case of A^ = P^, over an algebraically closed k field of characteristic p, the //pn -torsor 
P obtained in passing to the cusp of 1,1 may be realized as a trivial -torsor over a standard 
Neron 1-gon C", which in turn is a /Xp^i-torsor over a standard ^pn-stacky Neron 1-gon C = [C / fXpn] 
via the choice of an isomorphism (C)'^™[p"] = fXpn: 




P = C' X flpn C' C 



In both of the above cases, it is immediately verified that for each of these //|/-torsors, the corre- 
sponding group scheme homomorphism (Z/(A^))^ -Pi'^c/fe ~ '^"^ ^ ^/(-^) ^ [r(A^)]-structure on 
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the standard /iAr-stacky Neron 1-gon C in the sense of Definition 15.21 giving the valuative criterion 
of properness for X*™ (N) , hence Theorem 15.31 □ 

Recah that JC'ii{Bfij^) C /Ci^i(,B/i^) is the closed substack classifying rigidified twisted stable 
/x^-covers of twisted curves with non-stacky marking; so /C'^ ^(S/i^) is the closure of 

in lCi,i{Bi^%). 

Definition 5.5. Let C/S be a 1-marked genus 1 twisted stable curve with non-stacky marking, 
and let G be a 2-generated finite abelian group, say G = Z/(ni) x Z/(n2), rii > m. A G-structure 

,0 

C/S 

the relative effective Cartier divisor 



on C is a homomorphism (f> : G ^ Pic|i /e of group schemes over S such that: 



in Fic^^g is an ni-torsion subgroup scheme; and 
for every geometric point p ^ S, Dp meets every irreducible component of (Pic 



V 

C/SJP 



For any subgroup K < {Z/{N)f with corresponding quotient Gk = {'Z/{N)f/K of {Z/{N)f, 
we write for the moduli stack over S associating to a scheme T/S the groupoid of pairs (C, jp), 
where C/T is a 1-marked genus 1 twisted stable curve with non-stacky marking, and ^p : Gk 
FicQ^rp is a G/c-structure on Pic^i^^. 

For a twisted curve C/S/¥p, if N = p" and Gr = x Z/{p^) with m > / > 1, we set 

Lk ■= {H < Gk\H and Gk/H are both cyclic}, 

and for any H G Lk we say a Gx-structure 4> '■ Gk — > ^^'^c/s component label H if H maps to 
the kernel of the n-fold relative Frobenius on the group scheme Pic[i^^ over S, and the resulting 
group scheme homomorphism Gk/H — > Pic[iy^[p"]/ker(F'^) is a Gx/-ff-structure in the sense of 

pmi §1.5]. 

If Gk = ^/{p"") (i.e. / = 0), then X*^ ^ X*i"(p'"), and for H ^ Z/(p'^) G Lk we define 
X*^'-^ C X*^ to be the substack ^^"(p™ c X*"(p™) as in Definition lOTl We still say that 
X^^'^ classifies Gi^'-structures of component label H. 

So for example, if Gk — '^/{d) for some d\N, Xj^ is isomorphic to the stack X^{d), and if 
Gk — {'^/{d))'^ then X^ is isomorphic to the stack X*™(d). For every such K, we have a closed 
immersion 



N)^ 



given by precomposing a Gx-structure cf) : Gk — > Pic^/T with the canonical projection {Z/{N))^ 
Gk- Together, these give a proper surjection 

□ x'i^ ^r,^,iBf,%) 

K<{1/{N)Y 



which is an isomorphism over S'[l/A^]. 

Let A; be a perfect field of characteristic p. The same argument proving Theorem 12.181 immediately 
gives us: 
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Corollary 5.6. If K < {'L/{f')f such thatGR := {'L/{p^)f/K ^ xZ/(p') withl <m<n, 

then is the disjoint union, with crossings at the supersingular points, of closed substacks 'X^^'^ 
for H € Lk. 3C^'^ classifies Gk -structures with component label H . 

As before, we let A denote the set {{K,H)\K < E Lk}-, modulo the equivalence 

relation generated by declaring {K,H) ~ (K' ,'it^^{H)) whenever K' < K with corresponding 
quotient map vr : Gk' — > Gk such that Tr^^{H) G Lk'- We conclude: 

Corollary 5.7. Let k be a perfect field of characteristic p. /C'^ i{13fj.pn)k is the disjoint union, with 
crossings at the supersingular points, of components IC'i i{Bfipn)'^ for A G A, where 

1{K,H)]=\ 

identifying each 'X^^ k^ with a closed substack of }C'i i{Bfipn)'^ via . Each is "set-theoretically 

identified with iipn)^" in the sense that 

^l,l(^/^p")fc,red = ■^K,k,red 

as substacks of lc'i i{Bi^pn)f, j.f,^ for all {K,H) with [{K,H)\ = A G A. 

If N = p'^N' with {p,N') = 1, for any A < (Z/(A'"))^ of order prime to p, let 

be the union of the substacks "X^^k f^'^ -A < K < (Z/(A^))^ with {K : A) a power of p. Then 
similarly k! I i{B^'j^)^ is the disjoint union, with crossings at the supersingular points, of components 
IC'i i{Bn'j^f)^''^ for A G A, and IC'i i{Bix\i)k is the disjoint union of the open and closed substacks 
K,iif3l^%)k for A < (Z/(iV))2 of order prime to p. 

The picture in the case N = p is essentially the same as the picture for JCi i{Bfip)k ~ 'K{p)k (as 
discussed after Proposition 15. ip . except now each component is proper: 



^1 




IC[,i{B4)t' 



6. Comparison with the classical moduli stacks 

As promised, we verify that the moduli stacks X^^{N) and X*^(A^) are isomorphic to the cor- 
responding classical moduli stacks, justifying the claim in |A0V2| that we have recovered the 
Katz-Mazur regular models: 
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Theorem 6.1 (Restatement of II. 2p . Over the base S = Spec(Z), there is a canonical isomor- 
phism of algebraic stacks X*™(A^) = Xi(A^) extending the identity map on yi{N), and a canonical 
isomorphism of algebraic stacks X*™(A^) = X{N) extending the identity map on V(A^). 

We prove this after some preliminary results; the main point is to demonstrate that X*™(A^) and 
X*™(A^) are normal. 

Proposition 6.2. The morphism tt : X^'i^) ~^ -^1,1 sending {C,(j)) to the coarse space C of C is 
a representable morphism of stacks. In particular, XY'iN) is Deligne-Mumford. 

Similarly the natural morphism X*"(A^) — >■ A^i,i is representable, hence X*™(A^) is Deligne- 
Mumford. 

Proof. We have already seen that X^"(A^) is an algebraic stack, so it suffices to show that for any 
object (C, (j)) G X^ (N){k) with k an algebraically closed field, the natural map Aut(C, 4>) — >■ Aut(C) 
is a monomorphism of group schemes. Here C/k is the coarse space of C, and automorphisms are 
required to preserve the marking. It is obvious that Aut(C,0) — )• Aut(C) is a monomorphism if 
C = C is a smooth elliptic curve over k, so by Lemma 13.171 we reduce to the case where C/k is a 
standard /i^j-stacky Neron 1-gon for some d\N. 




In this case an automorphism of C is an automorphism of the coarse space C, together with an 
automorphism of the ^u^-gerbe in C lying over the node of C. Thus 

Aut(C) ^ Aut(C) X Aut(e/xd,fc)- 

The only nontrivial automorphism of C preserving the marked point 1 S C is the automorphism 
L : C ^ C induced by the inversion automorphism of Gm- We have Aut(0/i(i) = ^d-, and the 
automorphism of Pic[i^^ = Gm x '^/{d) induced by (0,C) G Aut(C) = (t) x /x^ sends (??, a) to 
{(^""rj^a). Since (p : Z/{N) — )• Pic^^^ meets every component, the only automorphisms of C than can 
possibly preserve cp are the automorphisms (i) x {0} C Aut(C) (cf. |Conl proof of 3.1.8]). Thus 
Aut(C,(/.) C (l) X {0} ^ Aut(C). 

The same argument applies to X*'"(A^). □ 

Corollary 6.3. X\"(iV) and X*"(iV) are finite overMi^i. 

Proof By Theorems |M] and ESI the natural maps X*i™(iV) Mi^i and X*"(7V) Mi^i are 
proper and quasi-finite; since they are also representable, they are finite. □ 

Let oo ^ A^i^i denote the closed substack classifying 1-marked genus 1 stable curves whose 
geometric fibers are singular. Let X^{"{N)°° = X^{"{N) x-^^^ oo and X*™(A^)°° = X*"(iV) x-^^ ^ 
oo. Exactly analogously to (Con! 2.1.12], formation of these closed substacks is compatible with 
arbitrary base change. 

Proposition 6.4. The proper fiat morphisms X^"(A^) — )• Spec(Z) and X^^(N) —?■ Spec(Z) are 
Cohen- Macaulay (of pure relative dimension 1). 

Proof. Let X denote X^^ [N) or X*^(A^). The canonical morphism X A^i,i is finite (by Corollary 
16.31) and flat (by Theorems 14.61 and I5.3P . and the structural morphism A4i,i Spec(Z) is Cohen- 
Macaulay (cf. [Cont 3.3.1]), so by [Bourl 2.7.9, Cor. 3], the composite X — )• Spec(Z) is Cohen- 
Macaulay. □ 
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Lemma 6.5. X^^{N)°° andX^^{N)°° are relative effective Cartier divisors over Spec{Z) inXY'iN) 
and X^™{N) respectively. 

Proof. Here we are using the notion of a Cartier divisor on a Deligne-Mumford stack, cf. |ACG1 
Ch. XIII]. For X = XY'iN) or X = X*™(iV), the closed substack X~ is the pullback X x^^ ^ oo. We 

know oo C is a relative effective Cartier divisor over Spec(Z) (meaning an effective Cartier 

divisor which is flat over Spec(Z)), and by Theorems 14.61 and 15.31 the morphism X — > Mi^i is flat. 
Cartier divisors are preserved by flat morphisms (cf. |FuH §1.7]), so X°° is an effective Cartier 
divisor in X. Since X — )• A4i,i is flat, so is X°° — )■ oo, so X°° is flat over Spec(Z), i.e. X°° is a 
relative effective Cartier divisor in X over Spec(Z). □ 

Corollary 6.6. X\"(iV) and X*"(iV) are normal. 

Proof. This is proven in an identical manner to |Conl 4.1.4]. The stacks X^^{N) and X^'"{N) 
are Deligne-Mumford, and from [SCVl 3.0.2] we know X^'iN) ®i Z[1/7V] and X*^(iV) (g)^ Z[l/iV] 
are smooth over Spec(Z[l/A^]). In particular, they are regular at any characteristic points. 
Furthermore, by Proposition 16.41 thev are Cohen-Macaulay over Spec(Z) of pure relative dimension 
1. As in |Conl 4.1.4], we can conclude from Serre's criterion for normality that it suffices to 
prove that these stacks are regular away from some relative effective Cartier divisor, since such a 
divisor cannot contain any codimension 1 points of positive residue characteristic. Use the divisors 
X^^{N)^ and X*™(iV)°°; their complements are '^i{N) and V(A^), which are regular by pOHl 
5.1.1]. □ 

Proof of fOl X*^(A^) and X**(A^) are finite, flat and normal over A^i,i, so they are naturally 
identified with the normalizations (in the sense of [DRl IV. 3. 3]) of Mi,i in X"^^ [N)\f^-^ ^ = ^i{N) 
and X*"(iV)|;vii,i = ^1^) respectively; cf. [Uoill 4.1.5]. ' □ 

We now give a moduli interpretation of the equivalence Xi(A^) ~ X^^ {N). Let 5 be a scheme, 
E/S a generalized elliptic curve, and P G -E"^™(5)[A''] a [ri(A'')]-structure on E. From this data 
we want to construct a pair (Cp, (/>p), where Cp/S is a 1-marked genus 1 twisted stable curve with 
non-stacky marking, and (f>p : Z/(A^) — > Pic^l^^^ is a [ri(A^)]-structure on Cp. 

If E/S is a smooth elliptic curve, there is nothing to show: we simply take {Cp,4>p) = {E,(j)p) 
where cf)p : Z/{N) Pic^^^ = E sends 1 i— )• P. Therefore to construct {Cp,4>p) in general, we 
may restrict to the open subscheme of S where E/S has no supersingular geometric fibers; once 
we have constructed {Cp,(pp) in this case, we only need to check that it agrees with our previous 
construction for ordinary elliptic curves. 

For the rest of the construction, assume that E/S has no supersingular geometric fibers. 

Note that by [Con^ 4.2.3], fppf-locally on S there exists a generalized elliptic curve E'/S, whose 
singular geometric fibers are A^-gons, together with an open 5-immersion l : E^™- ^ E'^"^ of group 
schemes over S. In particular, by |DRi II. 1.20] the group scheme E'^^[N]/ S is finite and flat of 
constant rank A^^. 

Since E'/S has no supersingular geometric fibers and all its singular geometric fibers are A^-gons, 
it follows that fppf-locally on S, there exists a [r(A^)]-structure {Q,R) on E' such that: 

• the relative effective Cartier divisor 

D:= J2 

aeZ/{N) 

in E'^^ is etale over S, and 

• R meets the identity component of every geometric fiber of E'/S. 

The choice of Q and the pairing 

CN ■■ E'^'^iN] X ^'^"^[A^] ^ UN 
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induce a canonical isomorphism E"-'^[N\/D ^ E"-'''[N]/D y-{Q} = iXN- Identifying E"''''[N\/D with 
its image in the iV-torsion of the generahzed elhptic curve C := E' /D (a generaUzed elUptic curve 
whose singular fibers are 1-gons) , the group law of C and the above isomorphism give us an action of 
yujv on C, making C a /xjv-torsor over the twisted curve C := [C / ij,n] = [E' / E"''^[N]] = [E / E'''^[N]]. 
Write 

c = spec^( ga)^c, 

aeZ/{N) 

where each Qa is an invertible Oc-modulc, with the grading and algebra structure corresponding 
to the structure of C as a /^jy-torsor over C. 

The image i? of i? in C is a [ri(A?^)]-structure on C, so we get a /itjv-torsor 

T:=Spec^( £((6 • i?) - (Oc))) 

beZ/{N) 

over C; the /x^v-action on T corresponds to the Z/(A?")-grading and the algebra structure on 

C{ib-R)-iOc)) 

comes from the group law on C^™ and the canonical isomorphism C®°^ = Pic^^^. 
Since C is a /xjv-torsor over C, if £ G Pic(C) we have a canonical decomposition 

a&/{N) 

where each Ca is an invertible sheaf on C and Q € fiN acts on via multiplication by C"- In partic- 
ular this applies to the invertible sheaf C = jC{{b ■ R) — (Oc)), giving us a canonical decomposition 

7r.C{{b-R)-{0c))= £(„,(.)■ 

aeZ/{N) 

We have >Co,o = Go = Oc, and the isomorphisms 

£((6o • R) - (Oc)) ®Oc mh ■ R) - (Oc)) = mbo + h) ■ R) - (Oc)) 
(coming from the algebra structure of ®i,C{{h ■ R) — (Oc))) induce isomorphisms 

-^(00,60) ■^(oi,bi) — ■^(ao+ai,6o+bi) 

for all {ao,bo), (ai,6i) G (Z/(iV))^, giving us a canonical algebra structure on the direct sum 

^(a,6)- 
(a,6)e{Z/(Ar))2 

Identifying our original [ri(A^)]-structure P with its image in E'^"^{S)[N], there exists some 
(ao, bo) e (Z/{N)f with P = oq • Q + 60 • -R G E'^™[iV]. This determines a /XAr-torsor 

r:=Spec^( C^cao,cbo)) 
cez/(Ar) 

over C, corresponding to a morphism C — BfXN- Here ®C(^cao,cbo) viewed as a sub-Og-algebra of 
the algebra (BJO-(^a,b)- 



Definition 6.7. We define Cp B^n to be the relative coarse moduli space of the above morphism 
C BjiN, and we write 0p : Z/{N) — Pic^^yg for the corresponding group scheme homomorphism. 

It is immediate that (f)p is a [ri(Ar)]-structure on the twisted curve Cp. 
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Lemma 6.8. {Cp, (pp) is independent of the choice of (oq, bo) with P = uq ■ Q + bo ■ R, and of the 
choice of generalized elliptic curve E' and \r{N)]- structure (Q, R) on E' such that D = 'Y^[a- Q\ is 
etale over S and R meets the fiherwise identity components of E' /S. 

Proof. First of all, if E/S is an ordinary elliptic curve, then E' = E. Our construction defines a 
map E[N] — >■ Pic^^_g[A^] = E[N], which in fact is simply the identity map (which in particular is 

independent of the choice of (ao,6o) and the [r(A^)]-structure {Q,R)). To see this, recall that by 
Lemma |3.2'2I we may identify the generalized elliptic curve C = E/{Q) (viewed as a ^7v-torsor over 
E = [E/E[N]] as discussed above) with the ^Ar-torsor 

Spec J C{{a-Q)-{OE))) 

a&/{N) 

E and Qa = ^{a,o) = ^((a • Q) - (Oe))- 



over E. So in the notation of the above construction, C 
We have 

7r,Ci(R) - (Oc)) = {Ga^Cm-iOE))) 

a&/{N) 

- C{{a-Q + R)-{QE))- 

a&l{N) 

So the map defined in the above construction sends Q to q) = l^ijyQ) — (Os)) and R to >C(o,i) = 
C{{R) — (0^;)). Composing with the usual isomorphism Pic^^^ = E yields the identity map on 
E[N]. 

To complete the proof in the case where E/S is not necessarily smooth, it suffices to consider 
the case where S is the spectrum of an algebraically closed field k and E/k is a Neron d-gon (for 
some d\N). E'/k is then a Neron A^-gon, and our Drinfeld basis {Q,R) was chosen so that {Q) 
meets every irreducible component of E' and (R) lies on the identity component. We may therefore 
choose an isomorphism E'^^ = Z/(A^) x ^uat such that Q = (1, 1) and R = (0, C) for some C S I^n(^)- 



E' 



Then if P = ao ■ Q + bo ■ R = ai ■ Q + bi ■ R, it follows that ao = ai and (^^" = (^^^ , the latter of 
which implies that bo-R = bi-R. Thus C{{bo ■ R) - (Oc)) = C{{bi ■ R) - (Oc)) , so C(ao,bo) = ^{aiM)' 
hence {Cp,(pp) is independent of the choice of (ao,6o). 

Now we must check that {Cp,(pp) is independent of the choice of {E' , {Q,R)). E'/k is a Neron 
A''-gon, so the choice of E' is unique up to composition with an automorphism of E' fixing E^^ C 
E' is the special fiber of an A^-gon Tate curve £'/klq^/^j. Let C = [£' /S'^^^iN]], so Ck = 
[E'/E"''^[N]] = [E/E'''^[N]]. 




C ® A;((gi/iV)) 
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We may choose an isomorphism £''^™[A^] = 7j/{N) x /^jv of finite flat group schemes over A;|g^/^]. 
{Q,R) extends to a [r(iV)]-structure {Q,n) on £' with V = J2{a ■ Q) etale over klq^^^j (and 
of course TZ meets the identity component of every geometric fiber of £' /klq^^^}). Given such a 
[r(A^)]-structure on £' , our construction defines a group scheme homomorphism 

£--[iV]^Pic°/,j^,/,j[iV]. 

Both of these are finite flat group schemes over /clg^''''^] which are isomorphic to Z/(A^) x /^tv, and 
End (Z/ (N) X fi^) is finite (hence proper) over /cfg-^/^J. Since 

is independent of the choice of [r(A^)]-structure over k{{q^^^)) (as E'®k{[q^/^)) is an elliptic curve), 
we conclude that £'^^[N] — )• Pic^^^j^i/jvj [A^] is independent of the choice of {Q,TZ). Thus in partic- 
ular E'^'^[N] Pic^^^^[A^] is independent of the choice of {Q,R) and the resulting homomorphism 
£:sm[jY] Fic'^^^^lN] is independent of the choice of □ 

Thus by descent, {Cp,(j)p) G {N){S) is well-defined globally over our initial base scheme S 
(even allowing supersingular fibers) and depends only on the pair (E,P) G Xi{N){S). We define 
our map Xi(A^) ^ X^'iN) by sending {E,P) to iCp,(pp). 

Corollary 6.9. Over any base scheme S, the morphism Xi{N) X^(N) sending {E,P) to 
{Cp,(j)p) is an isomorphism of algebraic stacks. 

Similarly, given a generalized elliptic curve E/S equipped with a [r(A'')]-structure {Pi,P2), the 
above procedure produces a [r(A^)]-structure 4'{Pi,P2) the twisted curve Ce ■= [E/ E^^[N]]. 

Corollary 6.10. Over any base scheme S, the morphism X{N) — > X*""(A^) sending {E,{Pi,P2)) 
to {Ce, 4'{Pi,P2)) ^''^ isomorphism of algebraic stacks. 

7. Other compactified moduli stacks of elliptic curves 

It is worth noting that the techniques in the proof of 14.61 are easily adapted to prove properness 
of the natural analogues in our current setting of well-known modular compactifications of other 
various moduli stacks of elliptic curves with extra structure, even when these moduli stacks do not 
naturally lie in a moduli stack of twisted stable maps: 

Definition 7.1. Let C/S he a 1-marked genus 1 twisted stable curve with non-stacky marking. 

(i) A [Tq{N)]- structure on C is a finite locally free S'-subgroup scheme G of Pic^y^ of rank N 
over S which is cyclic (fppf-locally admits a Z/(A^)-generator), such that for every geometric point 
p ^ S, Gp meets every irreducible component of Pic[l_^^^--j. We write X^^{N) for the stack over S 
associating to T/S the groupoid of pairs {C,G), where C/T is a 1-marked genus 1 twisted stable 
curve with non-stacky marking, and G is a [ro(A/^)]-structure on C. 

(ii) A balanced [ri{N)]- structure (cf. |KMH §3.3]) on C is an fppf short exact sequence of 
commutative group schemes over S 

0^i^^Pic[l/5[iV] (t) 

where K and K' are locally free of rank N over S, together with sections P € K{S) and P' € K'{S) 
which are Z/(A^)-generators of K and K' in the sense of pMl §1.4]. We write X^^^'^^{N) for the 
stack over S associating to T/S the groupoid of pairs (C,t), where C/T is a 1-marked genus 1 
twisted stable curve with non-stacky marking, and f is a balanced [ri(A^)]-structure on C. 

(iii) An [N-lsog]- structure (cf. |KMH §6.5]) on C is a finite locally free commutative S-subgroup 
scheme G C Pic^^g[N] of rank N over S, such that for every geometric point p ^ S, G-g meets 

every irreducible component of Pic[!_yj^,^-j. We write X*"(A^-Isog) for the stack over S associating 
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to T/S the groupoid of pairs (C,G), where C/T is a 1-marked genus 1 twisted stable curve with 
non-stacky marking, and G is an [A^-Isog] -structure on C. 

(iv) If and n are positive integers such that ordp(n) < ordp(A'^) for all primes p dividing both 
N and n, a \ri{N;n)\- structure (cf. jCon^ 2.4.3]) on C is a pair (</>, G), where: 

• (/> : 1/{N) Pic^c/S is a Z/(iV)-structure in the sense of [KMTI §1.5]; 

• G C Pic^i^^. is a finite locally free S'-subgroup scheme which is cyclic of order n; 

• the degree Nn relative effective Cartier divisor 

v-i 

a=0 

in Pic^^g meets every irreducible component of each geometric fiber of Pic[!^^ over S; 

• for all primes p dividing both N and n, for e = ordp(n) we have an equality of closed 
subschemes of Pic[i ^ g 

^{{N/p^)-^{a) + G[f]) = Fi4/s[f]. 

a=0 

We write XY'{N;n) for the stack over 5 associating to T/S the groupoid of tuples (C, (0, G)), 
where C/T is a 1-marked genus 1 twisted stable curve with non-stacky marking, and {(f),G) is a 
[ri(A''; n)]-structure on C. 

Corollary 7.2. The stacks X*o"(iV), X^^'^'^^iN), X*™(A^-Isog), and X^^{N;n) are algebraic stacks 
which are flat and locally finitely presented over S, with local complete intersection fibers. They are 
proper and quasi-finite over and each is isomorphic to the corresponding moduli stack for 

generalized elliptic curves. 

As shown explicitly for the stacks X^"(A^) and X^'"{N) earlier in this paper, one may study the 
reductions modulo p of these moduli stacks, and one finds that over a perfect field of characteristic p, 
each stack is a disjoint union with crossings at the supersingular points of various closed substacks, 
which come naturally equipped with moduli interpretations extending the definitions given in [KMlj 
(except for XY'{N;n), which is not studied in [KMlj ). 

Question 7.3. If C/S is a 1-marked genus 1 twisted stable curve with non-stacky marking, the 
group scheme Pic[!^^ behaves just like the smooth part of a generalized elliptic curve. Over the 
Zariski open set of S where C — 5 is smooth, it agrees with C (which is in this case a smooth 
elliptic curve); if ]j — )■ 5 is a geometric point such that Cp is singular, then Fic'^_^i^^.^ = Gm x Z,/{N) 
for some A^, and this is just the smooth part of a Neron A^-gon over k(j)). Is there a natural way to 
exhibit Pic[!y^ as the smooth part of a generalized elliptic curve, giving an equivalence between the 
stack of generalized ellipic curves over 5 and the stack of 1-marked genus 1 twisted stable curves 
over S with non-stacky marking? More precisely, is there a natural way of defining compactified 
Jacobians of twisted curves, such that the degree zero compactified Jacobian of a standard /i^-stacky 
Neron 1-gon is a Neron d-gon? 

Appendix A. A note on moduli of curves of higher genus 

As in the case of elliptic curves, stacks of twisted stable maps allow for natural compactifications 
of stacks of genus g curves equipped with certain extra structure. For example, 

classifies pairs {C/S,(f)) where C/S is a smooth genus g curve and (f> : 'Ij/{N) Pic^^^., which we 
view as an A^-torsion point in Pic^/^ = Jac(C/5). This stack is naturally contained in the proper 
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algebraic stack K,gfi{B^N) as an open dense substack. However, the situation becomes considerably 
more complicated when we attempt to use this to obtain proper moduli stacks of curves with level 
structure, e.g. replacing 'W-torsion points" with "points of exact order A." 

Over Z[l/A^], we have a stack -M.^^^ of twisted curves with level structure, studied in [AC VI 
§6]; this is a smooth proper modular compactification of the stack classifying (not necessarily 
symplectic) Jacobi level A^ structures on smooth genus g curves, as in [DMl 5.4]. One may be 
tempted to proceed as follows: 

Definition A.l. Let C/S be an unmarked genus g {g > \) twisted stable curve over a scheme S. 
A full level N structure on C is a group scheme homomorphism (f) : (Z/(A))^^ — ?• Pic^^g such that 

{(l){a)\a G (Z/(A))^} is a full set of sections for the finite flat group scheme Pic[l^_5.[A] over S in the 
sense of pOTTl §1.8]. 

We write A4g^^'^^ for the substack of lCgfi{Bfi^j^) associating to T/S the groupoid of pairs (C, (f>), 
where C/T is an unmarked genus g twisted stable curve and is a full level N structure on C. 

Unfortunately, this is not the "right" definition. By this we mean that we would like the stack 
^^Af),tw ^ closed substack of lCgfi{B^j^), flat over S; but it follows immediately from the 

example jCNl appendix] that flatness of A^^^^'*™ fails in mixed characteristic, even over the ordinary 
locus of Mg- Of course, if N is invertible on S then this definition is the correct one. More precisely, 

the choice of an isomorphism {Z/{N)f9 ^ /x^ identifies AT^^^'*™ with the stack M^p of [SCVl 
§6], which is shown in loc. cit. to be smooth over Z[l/A^] and proper over Mg- One would hope 
to be able to change the above definition to get a closed substack M.^'^^ of ICgfl{Bfj,'^j^), flat over 

S, agreeing with A^^^^ over ^[l/A^] and with a natural moduli interpretation in terms of the maps 
from (Z/(A))^^ to the group schemes Pic^^^^^. 

More generally we have good properties for the moduli stack ICg^o{BG) whenever G is a finite 
diagonalizable or locally diagonalizable group scheme over S, so the Cartier dual G* is commutative 
and constant or locally constant. Recall that for a finite group G there is a stack cAlg over 
Z[1/|G|] of Teichmiiller structures of level G on smooth curves, (cf. \DM.\ 5.6] and |PJj ). Now if 
G is a diagonalizable group scheme with \G\ invertible on the base scheme S, then after adjoining 
appropriate roots of unity we may fix an isomorphism G = G* . In [ACV, 5.2.3] it is observed that 
this determines an isomorphism between c-^g and a substack !B*'^'(G)° of ICg Q{BG) whose closure 
'B^g^{G) in ICgfi{BG) is a moduli stack whose geometric objects correspond precisely to G-torsors 
P ^ C which are connected (where C is a genus g twisted stable curve); these are called twisted 
Teichmiiller G -structures. One would hope that 23*'^' (G) can be defined in arbitrary characteristic, 
with a natural moduli interpretation, but it is not clear to the author how to proceed with this for 
genus g > 1; as discussed above, it does not suffice to simply consider the substack of )Cgfl{BG) 
whose geometric objects correspond to G-torsors which are connected, since fXpn is connected in 
characteristic p, and the definition in terms of "full sets of sections" does not give a stack flat over 
the base scheme in mixed characteristic. 
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